Lecture Notes on Stochastic Analysis for Finance

Melih Iseri *

November 30, 2025

Abstract

These lecture notes cover the fundamentals of stochastic processes, starting from defining the Lebesgue
integral and progressing through a variety of major theorems such as It6’s formula, the Martingale Rep-
resentation Theorem, and Girsanov’s Theorem, all proved under strong regularity assumptions.

Following the theoretical groundwork, the notes explore Stochastic Differential Equations (SDE)s,
Forward-Backward SDEs, and the Feynman-Kac formula, discussing these topics without rigorously
treating well-posedness.

The final part of the notes transitions to applications in quantitative finance, introducing the Black-
Scholes model and discussing derivative pricing, risk-neutral valuation, and hedging strategies.

The content on measure theory largely follows Folland [3]. The material leading up to SDEs mainly
follows Zhang [6], with additional details from Durrett [2], Karatzas, and Shreve [4], and Cohen [1].
Subsequently, the concepts pertaining to finance are informed by Bjork [5].
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1 Fundamental Concepts

1.1 A Tour in Measure Theory

In this section, we will introduce the fundamentals of measure theory and provide an exposure to the core
theorems.

The main objective of measure theory is to study functions that assign a real value to subsets of a given
set. As a core structural requirement, we aim to understand functions that are additive under disjoint subsets.

In geometry, which is vital for intuition, this notion corresponds to length, area, volume etc. Importantly,
measure theory allows the study of integration in a robust way, allowing powerful limit theorems to hold. In
our context, probability theory is built upon measure theory.

It turns out that not all subsets of a given set can be considered. Vague intuition is that, a set has no
constraints, it is just a collection. And without any requirements, one can construct pathological examples
in mathematics. Banach and Tarski proved the following interesting result in 1924:

Let U, V be arbitrary bounded open sets in R for m > 3. There exists k € N and subsets Ey,--- , Eg,
Fi,---, Fy, of R™ such that E;’s partition U, F;’s partition V' and E; is congurent (translation + rotation +
reflection) to F;.

Definition 1.1. A collection of subsets F of a set €2 is called a o-algebra, if
o If {Ek}zozl € F,then U E € F.
o If £ € F,then E€ € F.

For any set €2, all subsets 25 and {@, Q} (trivial) are o-algebras. Furthermore, intersection of o -algebras
is itself a o-algebra. Therefore, given any collection of subsets A, we define o (A) as the g-algebra generated
by A.

Exercise 1.2. Show that
(i) @ and 2 is contained in any o-algebra,
(i) o-algebra is closed under countable intersections,

(iii) Intersection of arbitrary family of o-algebras is a o-algebra. Relying on this, define the o-algebra
generated by any collection of subsets £, denoted as o (£).

So, which o-algebra to take? For any topological space, the most important g-algebra is the one gener-
ated by all the open sets. We call it the Borel o-algebra. Roughly speaking, Borel o-algebra contains all the
countable intersections and unions of open sets. It is informative to keep in mind (i) geometric objects with
partitions, (ii) intervals in (real) numbers, (iii) open balls around continuous functions. (i) serves well for an
abstract case, and the discrete nature of it helps the intuition greatly. (ii) is crucial as numbers are, however,
as in every area of mathematics, concepts becomes unimaginably powerful once applied to functions and
(iii) will serve us as a basis in stochastic processes.

Next proposition is the underlying reason why cumulative distribution function characterizes a probabil-
ity distribution. The proof (omitted) relies on the fact that every open set in R is a countable union of open
intervals.

Proposition 1.3. The Borel o-algebra on R is generated by intervals. Any collection of intervals, such as
(a,b), [a,b], (—o0, a), etc. can be used as a generator of the Borel o-algebra.



Definition 1.4. A measure on (€2, F) is a function i : F — [0, oo] such that
o (@ =0
o w(UP Ex) = > %=1 (Ey) for any collection of disjoint subsets Ej in F.
We call (€2, F, t) a measure space.

Example 1.5. Let F = 29! for any set 2, and take any p : Q — [0, oo]. Then,

W(E) := Z p(x) := sup{ Z p(x) : FCE,F ﬁnite}

x€E x€F
is a measure on (€2, F). In general, p might be understood as a density. Two special cases are important:
(1) If p(x) = 1 for all x, it is called counting measure.
(i) If p(xg) = 1 for some x¢ € Q2 and O otherwise, it is called Dirac measure or point mass.
Next theorem clarifies why probability distributions are characterized by their cumulative distributions.”

Theorem 1.6. Let F : R — R be any increasing, right continuous function. Then there exists a unique
measure Wp on R with ur((a,b)) = F(a) — F(b). If G is another such function, we have ur = ug if
and only if F — G is constant.

Note that we can generate a significant amount of measures on R by above theorem. Most important
example is the so called Lebesgue measure m on R, which is the measure associated with F(x) = x where
m((a, b)) = b — a. Some basic properties are as follows,

Theorem 1.7. Let (2, F, ) be a measure space.
(Monotonicity) If E C F, then w(E) < u(F).
(Subadditivity) n(UgEx) < > i w(Eg).

(Continuity) If E1 C Ey C -+, then u(Ug E) = limg w(Ey).
IfE1 D Ey; D -+ and u(E1) < oo then u(Ni Ex) = limg w(Ey).

Proof. (Monotonicity) Since w(F) = u(E U (F \ E)) = u(E) + u(F \ E), and u(-) € [0, c0], we are
done.

(Subadditivity) Set F; = E; and F;, = Ej \ (Uf;i Ej). Then, Fy’s are disjoint and UleFj =
U;‘=1Ej for all k. Then,

o o0
(U Ep) = (U2 Fr) = Y u(Fi) < Y ju(Eg)
k=1 k=1
(Continuity from below)

n
o o L
WU Ex) = lim_ kZ W(Ek \ Ex—1) = lim (i(En)
=1

128 denotes all the subsets.
ZProbability distribution means () = 1.



(Continuity from above) Reverse the sequence in the sense that Fj, := E; \ Eg. Then Fy C F» C ---
Also, w(Ey) = n(Fy) + p(Ex) and s> Fx = E1 \ (Ng—; Ex)- Then, by continuity from below,

p(E1) = u(NgZ, Ex) + Jim w(Fi) = p(NRZ; Ex) + klirr;o(u(El) — w(Eg))

and substract i (E1) from both sides to get the result. |

Exercise 1.8. (i) Find a sequence £ such that u(E1) = oo and continuity from above fails.

(ii) Show that, if 1, (o, -+ are measures on (2, F), and ay,as,--- € [0, 00), then Z,‘:il ap iy is a
measure on (€2, F).

(iii) (€2, F, u) is a measure space. Show that u(E) + u(F) = u(EU F)+ u(EN F),YE,F € F.

(iv) (2, F, ) is a measure space and fix £ € F. Show that ug(A4) := uw(A N E) is a measure.

We say E € Fis anull setif w(E) = 0. If a statement is true for all w € Q excluding a null set, then
we say it holds almost surely, or almost everywhere.

Next, we will discuss measurable functions. First, recall that any function f : € — A induces a
mapping ! : 2% — 28 defined as f 1 (E) = {x € X : f(x) € E} which preserves unions, intersection
and complements. Therefore, if G is a o-algebra for A, then { f ~!(E) : E € B} is a o-algebra for Q.

Definition 1.9. Given two measurable spaces (2, F), (A, G), a function f : Q@ — A is called measurable
if f~Y(E) e Fforall E € G.

Proposition 1.10. If X, Y are topological spaces, any continuous function is measurable when X,Y are
equipped with Borel o-algebras.

In fact, measurable functions are closely related to continuous function but we will not explore this.
As an informative example, note that the function f(x) = 1 for all x € [0,1] \ Q and O otherwise is a
measurable function. Since m(Q) = 0, for arbitrary ¢ > 0, one can find a domain with measure 1 — ¢ for
which f is continuous.
Introduce the indicator function or characteristic function as
1 ifwekE

Ly @)= ek

which is measurable iff E is in the o-algebra. Then we have the definition of functions that the integration
is build on.

Definition 1.11. We say ¢ : 2 — R is simple, if ¢ is measurable and the range is a finite subset of R. The
standard representation of ¢ is

n
¢ = Z Xilg,y, where B = ¢ L(xg), range(¢p) = {x1.---,xn}
k=1

We are ready to talk about the integration now. Let (2, F, i) be a measure space. First, we define the
integral of a simple function ¢ with the standard representation as

/qﬁdu =Y xgu(Eg). and /Aqﬁdu = /¢1{A}du = /¢1{A},VA eF (1.1)
k

Define L™ as the space of all measurable positive functions,

Lt = {all measurable f : Q — R+}

5



Proposition 1.12. Let ¢, ¢ € L be simple functions. Then,
(i) If¢ > 0, then [c¢p = c [ ¢.
(i) [p+@)=[d+ [0
(iii) If ¢ < ¢, then [ ¢ < [ ¢.
(iv) The map A — [, ¢du is a measure.

Proof. (i) is obvious. For (ii) and (iii): Let ) ; xx 1,y and ), y¢1¢F,} be the standard representations of
¢ and ¢. Note that since Uy Ey = Uy F; = Q are disjoint decompositions of @2, Ex = | J,(Ex N Fy) and
Fy = U (F¢ N Ey) are disjoint decompositions.

(iii): First, ¢ < ¢ means x < y; whenever w(Ex N Fy) # 0. Therefore

/¢ = > xpu(Ex N Fp) < ypu(Ep N Fy) = /(p
Tl k.t

(i1): Next,
/¢+/§0=Z(Xk+er)M(EkﬂFe)=/¢+<ﬂ
.t

(iv): Lastly, let A, € F be a collection of disjoint subsets. Then,

/ gt = [ Sl s = 3 Xk i(Ex N (Undm) = 3 xgu(Ex N Am) =3 [ ¢
UnAm k m JAm

k.m

We now lift the definition of integral to any f € L™ as
/fdu:=/f:=sup{/¢du:O§¢§f,¢simple} (1.2)

Since all the functions can be decomposed as f = fT — f~3 to negative and positive parts, we can
define integrals if [ | f|dpu < oo, which we denote all such functions as L,

L!:= { all measurable f : Q@ — R s.t. / | fldu < oo%

Exercise 1.13. Show that,
(i) when f is a simple function, (1.2) agrees with (1.1).
(i) ¢ [ f=[cf,andif f <gthen [ f < [g.
Example 1.14 (Summation). Let @ = N, F all subsets of N, and w(E) = |E|. Then

[ ran=3 r

n>0

3£ =max(0, f) and f~ = max(0,—f). Also, [ f:= [ fT— [ f.




Example 1.15 (Riemann Integral). Let Q2 = [a, b], B be the Borel o-algebra and m Lebesgue measure.
Then [ fdm = | : f(x)dx if f has discontinuities only on a set of measure 0.

Recall the function f that is equal to 1 on [0, 1] except Q. We simply identify this function same as
identically 1, and integral is well defined to be 1 too. Recall that we typically characterize Rimeann integral
on continuous functions, whereas now we have a larger class of functions for which in particular allows us
to ’ignore’ zero measure events.

Example 1.16 (Probability). Let (2, F,P) be a probability space. That is, P(€2) = 1. Then,

1

for any random variable (i.e. measurable function) X .

We now list three basic convergence theorems, which forms the backbone of the theory. These conver-
gence theorems with measurable functions allows one to carry out analysis, whereas working on continuous
functions requires verifications case by case. We will omit the proofs for the sake of this course.

Theorem 1.17 (Monotone Convergence Theorem). If f; € L™ and fi < fr11 forall 1 <k, then

lim /fkd,u = / lim frdu
k—o0 k—o0
Theorem 1.18 (Fatou’s Lemma). If f; € L™ forall 1 < k,

/h_mfkd,u sh_m/fkdu

Theorem 1.19 (Dominated Convergence Theorem). Suppose f;, € L' and
o limy; fr = f almost everwhere
o there exists g € L' such that | fi| < g for all k,
then
im [ fedu = [ fau
Lastly, we will see two more important theorems, simplified considerably.

Theorem 1.20 (Fubini-Tonelli). If f € LT(Q x A) (Tonelli) or f € LY(Q x A) (Fubini), then

[ rendwsoen = [ ([ endm)dus = [ ([ redu)a

where | X v is the product measure on  x A.
Recall Example 1.14, and Fubini-Tonelli allows us to interchange summations.

Theorem 1.21 (Radon-Nikodym). Let [, v be o-finite* measures on (2, F) where v(E) = 0if u(E) = 0
(denoted as v < |u). Then there exists a unique (almost everywhere) integrable function f : Q — R such
that

dv = fdu, thatis, v(E) =/ fdu
E

4That is,  is a countable union of sets with finite measures.




1.2 Basics of Probability Theory

In probability theory, measures (with total mass 1) are typically denoted by P, and the integral is denoted
by E or EP. Measurable space is typically called the event space, and we typically do not model it except
for the sake of introductory examples. Measurable functions 2 — R are called random variables (RVs),
denoted as X, Y, Z etc. We always implicitly consider the Borel sigma algebra on R. Moreover, we take the
change of variable formula as granted:

]E[X]:/QXd]P’ =/Rxd;LX(x)

where uy (A) = P(X € A) is the law of X .

Definition 1.22. Let (2, F,P) be a probability space, and X be a random variable. We denote the sigma
algebra generated by X as 0(X) := {X~1(4) : 4 € BR)}.

Example 1.23. Consider the event space as Q = {1,2,3,4,5,6}, F = 22 andlet X = 1 on 6 and 0
otherwise. Then o (X) = {@,6,{1,2,3,4,5}, Q}.

As X is measurable, o(X) C F but it might be strict as above. Also, if X is constant, o(X) = {0, Q2}.
Roughly speaking, o (X) characterizes how much information X yields. Note that, if X takes finitely many
values, then o (X) is generated by finitely many sets.

In this course, we will work with square integrable random variables (Hilbert space),

L? = {all RVs X : Q - Rst. E|X|? < oo}

For X,Y € L2, introduce
Var(X) := IE[(X . IE[X])Z] — E[|X|?] - [E[X]]?

Cov(X,Y) := E[(X —E[X])(Y — IE[Y])] — E[XY] - E[X]|E[Y]

XY = pyy = ) Ny

oxOoy

For random vectors X = (X1,---,Xg)" : Q@ — R?, we similarly define ux (A) := P(X € A) for A
in Borel o-algebra of R9 and introduce the cumulative distribution function (cdf) as

Fx(x):=P(X; < x1,...,Xg < xg), x €R?
We say random variables X1, ..., X, are independent by the following equivalent definitions

(1)
Foxy,..x,) (X1, ..., xn) = Fx,(x1) -+ Fx, (xn)

(ii) IE[ M= & (X; )] =[1'.,E [gi (X; )] for any bounded scalar Borel measurable functions gy, ..., gs.

Remark 1.24. Independent RVs X1, ..., X}, induces a product measure on Q”. Let n = 2 and recall Fubini-
Tonelli Theorem 1.20 with f(x, y) = xy. We get that

E[XY] = /R (e x dpy) = A ( /R xydux)duy _ /R xdux A vduy = E[XJE[Y]

Also, if E[X Y] = E[X]E[Y], or equivalently, Cov(X,Y) = 0, we say X and Y are uncorrelated.



Definition 1.25. Recall the Radon-Nikodym Theorem 1.21. Suppose the law of X satisfies uy < m. Then
the Radon-Nikodym derivative fy is called the density (pdf) of X. In particular,

b
jx (@, b)) = /( | fdm= / F(o)dx

Moreover, existence of density is equivalent to Fy being absolutely continuous. In this case, Fx is almost
everywhere differentiable and 0, Fx (x) = f(x).

Definition 1.26. Suppose {X"},>1 and X are random variables. We say X" — X
e almost surely if P(lim, o0 X" = X) =1,
e in probability, if lim,— 0o P(| X" — X| > ¢) = 0,
e in distribution, if lim, o Fxn(x) = Fx(x) for all x where Fx is continuous at x.
e in L7, iflimy0o E[| X" — X |P] = 0 for some p > 1,
e weakly in L2, if we are considering X", X € L?, and lim, o0 E[X"n] = E[X7], Vn € L?.

Note that lim, o0 [ fdpux» = [ fdux for all bounded, continuous f is equivalent to convergence in
distribution.

Remark 1.27. In this remark, we will try to clarify some differences between these convergences. There are
a lot of connections to explore, which we are not aiming to do here. Suppose Q2 = [0, 1] with Lebesgue
measure m, and consider the following examples:
() X* (@) = nlyo,1/n]}»
(iD) X" (@) = Lgj; ok (541726 Where n =25 +i with 0 < < 2%,
(iii) X**(w) = 0, X*" Y(w) =1 —-w, and
(iv) X" isi.i.d. sequence of uniform distributions with mean 0 and variance 1.

e Now, (i) converges to 0 almost surely (a.s.), however, does not converge in LY. On the other hand, (ii)
converges in L! whereas does not converge for any x € [0, 1].

e (iii) obviously converges in distribution to the uniform distribution on [0, 1]. However, it does not
converge in probability.

o (iv) converges to 0 weakly in L2, whereas it trivially converges to uniform measure in distribution. To
see the weak convergence in L2, note that {X"} is an orthonormal sequence. Given any € L2, we can
write

o0
n= Z an X" +1", wherea, = E[nX"]
n=1
by Bessel’s Inequality (1828), >"°° | |a,|?> < E[|n|?] < oco. In particular, a, — 0 and this is exactly what
we need to conclude X" converges weakly in L2,

Exercise 1.28. Prove that, if X” — X in L2, then X" — X in probability.
[Hint: Chebyshev’s inequality.]

We left reader to recall cdf and pdf of some common distributions:
(i) Bernoulli, (ii) Binomial, (iii) Geometric, (iv) Uniform, (v) Exponential
We say X have normal distribution, denoted as X ~ A (u,02), if it has the pdf

1 _x—w?

e 202
V2mo?

9

f(x) =




Check that E[X] = u and Var[X] = o2. Moreover, aX +b ~ N(u + b,a?0?) and if Y ~ N(v, p?)
independent of X, then X + Y ~ N(u + v,02 + p?). We say Z have standard normal distribution if
Z ~N(0,1).

We say X = (Xq,..., Xn)T has a multivariate Gaussian distribution if any linear combination of
X1,..., Xy has normal distribution. In particular, if X,..., X, are independent and have normal dis-
tribution, then X have multivariate Gaussian distribution. Also, if X1, ..., X, have Gaussian distribution,
then they are independent if and only if they are pairwise uncorrelated. We say that Z = (Zq, ..., Z,) has
a standard Gaussian distribution if Z1, ..., Z, has independent standard normal distribution. Equivalently,
we may define X = (X1,...,X,)" has multivariate Gaussian distribution if there exists m < n, a vector
w=(i1...,1un) and an x m matrix A such that X = p + AZ where Z = (Z1....,Zy)" has standard
Gaussian distribution. We write X ~ N (v, ) where

Zi’j = COV(X,', Xj) = E[(X, — ,bLi)(Xj — /,Lj)] = A;FE[ZZT]A]' = AlTAj

that is, © = A" A. If the covariance matrix X is invertible, then the density of X ~ A (v, X) is given by

f(x) = S RO IR CEY

1
——————exp (
v (@2m)"E]

The crucial reason why the normal distribution is fundamental is given by the following theorem.

Theorem 1.29 (Central Limit Theorem). Suppose {X,}n>1 are independent and identically distributed
(i.i.d.) with E[X,] = w and Var(X,) = o2. Denote the sample mean X, := %Z?:l X; and Z,, =

vn X"U_u' Then, Z, converges to N (0, 1) in distribution.

Let us also quickly recall the strong Law of Large Numbers (SLLN).

Theorem 1.30 (Strong Law of Large Numbers). Let Xi, X5, be pairwise independent identically
distributed random variables, where E X exists. >. Then the sample mean X, := ,ll Z;’Zl X; converges to
E X, almost surely.

1.3 Conditional Expectation

We have an important result which characterizes the notion of measurability with respect to the o-algebra
of a measurable function:

Theorem 1.31 (Doob-Dynkin). Let X, Y be random variables. Then Y is measurable with respect to o (X)
ifand only if Y = h(X) for some (Borel) measurable h : R — R.

Definition 1.32 (Conditional Expectation). Let (Q, F,P) be a probability space, and X € L!. Consider a
sub o-algebra H C F. We call E[X |#] € L! the conditional expectation of X given H, satisfying

e E[X|H] measurable with respect to H, and
o [y E[X|H]dP = [, XdP forall H € H.

Furthermore, if Y is an another random variable, we denote E[X |Y] := E[X |o(Y)].

SThatis, EX]” < oo, where X; = —min(0, X1)

10



Remark 1.33.
(i) By Doob-Dynkin lemma, E[X |Y] = h(Y') for some measurable /.
(ii) Equivalent condition to second condition is

E[YE[X|H]] = E[YX]

for all Y measurable with respect to H. If H = o(Z) for some Z, then we can further write Y = g(Z) and
consider all Borel measurable functions g by Doob-Dynkin lemma.

(iii) Conditional expectation exists and unique by the Radon-Nikodym theorem. Namely, u(H) :=
[y XdP is a measure for (2, 7), which satisfies u < Ppy.

(iv) X itself satisfies the second bullet. However, may not be 7{ measurable.

Example 1.34. If H = {0, Q2}, then E[ X |H] = E[X].
Example 1.35. If X is independent of 7, that is,
P{X e BN H)=P(X € B)P(H) forall Be BR),H e H

then E[X|#] = E[X]. To see this, constanct functions are always measurable. Hence, take H € H, and
then

/ XdP = E[X 1] = E[X]E([1;,] =f E[X |H]dP
H H

Example 1.36. If X is measurable with respect to H, then E[X |H] = X.

Example 1.37. Suppose 21, Q5,,--- is a partition of Q, where P(2;) > O forall 1 < k. Let H =
0(R21,22,---). Then we claim

EXTixeanl _
P () P(Qx) Ja,

To see this, note that E[X |#H] is constant on each Q. Therefore, it is measurable with respect to H. Then
we need to check the second condition, and it suffices to check for H = €2, which is trivial.

E[X|H] = XdP on Qp

Remark 1.38. As it follows from the example above, if Y is a random variable with discrete values, then

E[X1y—
E[X|Y = y] = —];(Y{i yy)}]

Example 1.39. Consider two independent fair coin flips X1, X»>. Then

E[X11(x, +x,=0}]

pEEI+1=0) | if X1 +X2=0 Xt x
_ 1 2
E[X: X1+ Xo] = { i 2ph X+ X =1 = —5—
XII{X +X =2}] . .
]P’(Xl—i-leiZ) f X1 +X,=2

Intuitively, if X7 + X5 is O or 1, we know the value of X;. If the sum is 1, we have no information about
Xi.

Example 1.40. Consider X, Y with joint density function f(x, y). That is,

P((X,Y) € B) = /B f(x,y)dxdy for B € B(R?)

11



IfE[|g(X)|] < oo, then

E[g(X)|Y] = h(Y), where h(y) = g(x) f(x,y)dx

1
ff(x,y)dx/

To verify this, since / itself is a measurable function, s(Y') is measurable with respect to o (Y). Now, let
A ={Y € B} for some B € B(R). Then,

/ h(Y)dP = / h(Y) gy epdP = [ R gyes f(x. y)dxdy =
A R2

= [ mpem( [ fxnax)y = [ 1pemetseay = [ exap

Proposition 1.41 (Properties of Conditional Expectation).
(Linear) ElaX + Y |H] = aE[X|H] + E[Y |H].
(Monotone) If X <Y (almost surely), then E[X |H] < E[Y |H].
(Jensen’s inequality) If ¢ is convex, E| X |, E[|¢(X)|] < oo, then ¢(E[X|H]) < E[¢p(X)|H].
(Tower property) If H C G, then E[E[X |H]|G] = E[E[X|G]|H] = E[X|H].
e fXeH E|Y| <00 E|XY| <o00, then E[XY|H] = XE[Y |H].

Remark 1.42. Let’s note some particular cases. If ¢ (x) = x2, then (E[X|H])? < E[X?2|H]. Since by taking
H = {0, Q}, we also conclude (E[X])?> < E[X?]. By the same choice of H, E[E[X |G]] = E[X].

Example 1.43 (Random walk). Let & be i.i.d. random variables with mean u. Define Z, := Y y_ &.
Then,

E[Zp+1l€1.... .60 = E[Zn + Ent1lér, - 6nl = Zn + 1

1.4 Stochastic Processes

We now introduce the notion of filtrations, to accomodate stochastic processes.

Definition 1.44 (Filtration). Let I be either N or R*. We say F = {F,},¢1 is a filtration if F, C Fp
whenever k < n.

Stochastic process is a collection of random variables, indexed by an ordered set I. We will work in
continuous time setting with I = [0, T'], and say that stochastic process X is a mapping [0, 7] x @ — R.
Instead of viewing a stochastic process as {X; : 0 < ¢ < T}, itis also typical to view it as family of paths
{X.(w),w € Q}.

Example 1.45. Typically, filtration is generated by a stochastic process. Let X be a stochastic process. Then
FX = (F e, T =0(Xsis <)
is the filtration generated by X.

Definition 1.46 (Adaptedness). We say a stochastic process X is adapted to the filtration F' = {F;};>¢ if
X; is F; measurable.

12



Remark 1.47.

(i) X is always adapted to its own filtration FX. Recall the random walk Z,, = ZZZI &. Here, Z is
adapted to the filtration formed by F,, = o(&1,...,&,).

(i) We are simplifying the discussion here by considering adapted processes. In fact, one needs to con-
sider progressively measurable processes. We call a process X progressively measurable, if restriction
of X onto [0, ¢] is B([0,?]) x F;-measurable for all . Similarly, we also omit the discussion around
what it means for two process to be equal.

Theorem 1.48 (Kolmogorov’s Extension). Let (i, ... s, be a family of distributions on R" satisfying

.....

Koty ooty (AL X X Ajm g XRX Ajp1 Xooo X Ap) = g, otiytigy sty (A1 X X Ajmy X Ajgpr X0+ X Ap)

for all i and A; Borel measurable subsets of R. Then, there exists (2, F,P) and a stochastic process X
where joint distribution of (Xy,, ..., Xy,) is given by [y, ... 1,-

Theorem 1.49 (Kolmogorov’s Continuity). Suppose X is a stochastic process where there exists a, 8, C >
0 such that
E[|X.s|*] < Clt —s|'™8, V5,1 €[0,T] where X;5:= X5~ X;

Then, for any y € (0, B/a), X.(w) is y-Holder continuous almost surely.®

Definition 1.50 (Stopping time). We say 7 : Q — [0, 7] is a F-stopping time if {t < t} € F; for all
t € [0, T]. Moreover, we introduce the o-field corresponding to the stopping time 7 as

}"r::{Acﬂ:Aﬂ{rft}e]:t, VOSIST}

Intuitively, being measurable with respect to /7 implies that the function is determined by (z, X[¢ 7))
Lemma 1.51. Suppose A C R is closed. Then, T = inf{t > 0: X; € A} is a FX stopping time.

In case the filtration is generated by a stochastic process X, which is typically the case, 7 is a stopping
time means we can determine if 't ringed before time ¢’ by knowing the path of X from O to ¢ (denoted
typically as X[o ;)).

1.5 Martingales

Now, we are ready to give the definition of martingales. These are, in a rough sense, processes that do not
drift deterministically.

Definition 1.52 (Martingale). Let (2, F,F, P) be a filtered probability space. We say a stochastic process
M; is a (F, P)-martingale if

e M isadaptedto FF.
o E[|M;|] < oo forall z.
o E[M;|F;] = Mg foralls <1t.

Exercise 1.53. Show that if M; is a martingale, E[M;] = E[Mp]. In the discrete case, we assume
E[My,+1|Fn] = My. Show that E[M,, | Fn] = M, forany 1 < k.

To be more precise, one needs to say there exists a modification of X that is y-Holder continuous almost surely.

13



Next, we define the sub and super martingales. Roughly, increasing and decreasing processes, similar to
the definition of martingale.

Definition 1.54. We say a stochastic process M; is a (IF, P)-submartingale (supermartingale) if
e M isadaptedto FF.
e E|M;| < oo forall £.
o E[M|Fs] > (<)M; foralls < 1.

We can construct martingales from a given process. We will handle some particular cases, and for
the sake of examples, we will consider discrete time. In the context of random walks, we reserve Z;, for

Zy = ZZ Ek-

Example 1.55 (Asymmetric simple random walk). Let & be 1 with probability p and —1 with probability
q = 1— p. Then,
E[Zn+1|f,f(] =Zp+p—q,

hence if p — g > 0, Z, is a submartingale, and else it is a supermartingale.
Exercise 1.56. Show that M, := Z, — (p — ¢)n is a martingale.

Example 1.57. Define & as in Example 1.55. Then, M, = (q/p)?” is a martingale. It is obviously
adapted to the filtration F7. Next,

E|M,| < (q¢/p)" + (q/p)™" < o0

and
E[M+11F7] = Ela/ p) %" @/ )7+ | FE = Ma[ (a/p)' p + @/ P)7"a] = M

Exercise 1.58 (Random walk). Suppose &;’s are i.i.d. with mean 0 and variance 02. Then Z, and Z ﬁ —no?

are both martingales.
Let us note further properties of martingales.
Theorem 1.59.

o If M, is a martingale, and ¢ a convex function where E|¢p (M,)| < oo, then ¢(My,) is a submartin-
gale. In particular, if E|My|? < oo, then M? is a submartingale.

o If M, is a submartingale, and ¢ is non-decreasing convex function where B|¢p(M,)| < oo, then
¢ (My) is a submartingale.

o If M, is a martingale where E|My|*> < oo, then forany 0 < £ <k <m <n,

E[(My — Mp)My] = 0 and E[(My — Mpy)(My — My)] =0

o If My, is a martingale where E|M,|* < oo, then

n
M2 = " E[(My — My—1)*| Fi—1]
k=1

is a martingale.

Proof. Exercise. |
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1.6 Markov Processes

Suppose X is F = {F;};>0 adapted process. We say X is a Markov process if, forany 0 < s <t < T and
bounded Borel measurable ¢, it holds

E[p(X:)|Fs| = E[o(X:)|Xs] as.

Roughly, this means {X; : ¢t < s} and {X; : ¢t > s} are independent given Xs. By Doob-Dynkin’s Lemma
1.31, E[p(X¢)| Xs] = h(Xs) for some Borel measurable A.
Moreover, we say X is strong Markov process if, for any two stopping time t, 7 satisfying 7 < 7,

E[¢(X7)|Fz] = E[¢(X7)|o(z, X7)] as.

In this case, IE[(p(X;)|0(r, Xr)] = h(z, X7).
To see the independence, let B € B(R), A € F; and observe that,

P({Xz € B} N Alo(t, X1)) =: E[Lix, epliaylo(z. X1)]
= E[E[lx, ey | Felliglo(z, X))
= E[lx,eylo(z, Xo) JE[1gg]0(z, X))
= P(x:emo (v X0))P (gl (z. X))

Notable Results and Dates
e Borel o-algebra (1898) — Emile Borel
e Lebesgue Integration (1902) — Henri Lebesgue
e Dominated Convergence Theorem (1904) — Henri Lebesgue
e Monotone Convergence Theorem (1905) — Henri Lebesgue
e Fubini-Tonelli Theorem (1907) — Guido Fubini, Leonida Tonelli
e Fatou’s Lemma (1906) — Pierre Fatou
e Central Limit Theorem (1920s) — Aleksandr Lyapunov, Jarl Waldemar Lindeberg, Paul Lévy
e Banach-Tarski Paradox (1924) — Stefan Banach, Alfred Tarski
e Strong Law of Large Numbers (1929) — Andrey Kolmogorov
e Radon-Nikodym Theorem (1930) — Johann Radon, Otto Nikodym
¢ Kolmogorov Extension Theorem (1933) — Andrey Kolmogorov
e Kolmogorov Continuity Theorem (1933) — Andrey Kolmogorov
e Doob-Dynkin Lemma (1950s) — Joseph L. Doob, Eugene Dynkin

e Doob’s Martingale Convergence Theorem (1953) — Joseph L. Doob
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2 Brownian Motion

As it is the most studied object in mathematics, and plays a crucial role in every part of science, we now
define and study some basic properties of the Brownian motion.

Definition 2.1 (Brownian Motion). We say B is a (standard) Brownian motion if
e Bp =0
e Forany 1 <ty <--- <ty, By — By, , By, — B;,_, are independent.
e B; — By ~ N(0,t —s), that is normally distributed zero mean, ¢ — s variance for all s < ¢.

By Kolmogorov Extension theorem 1.48, we know that Brownian motion exists. Moreover, by Kol-
mogorov’s Continuity Theorem 1.49, we have the following result:

Proposition 2.2. For any 0 < & < 1/2, standard Brownian motion B is e-Holder continuous almost surely.
In particular, B is continuous.

Proof. Since the increments are distributed normally as B; — By ~ N(0,¢ — ), it is a standard result that
V4
E[|B: — Bs|?] = Cplt — 5|2

and hence the Kolmogorov’s continuity theorem implies B is %-Hélder continuous.” Let p — oo to
approach 1/2. |

Brownian motion is a Markov process [EXERCISE], and
E(B|F{] = E[B:|0(Bs)] = E[B; — Bs|o(By)] + By = By
hence a martingale with respect to its own filtration.® Note that for any 0 = tg < t; < -+- < ty,
(Bty — Bty ... By, — By, _,)

are independent and distributed normally. Hence, it is a Gaussian distribution. As we can write

0 0 0
10 o[ Bu B
(Byy,....By,) = : : : :
111 e 1) \Bu—Buo
which is then obvious that (By,, ..., By,) has Gaussian distribution. Such processes with finite distribu-

tions being Gaussian distribution are called Gaussian processes. We then have an equivalent definition of
Brownian motion:

Definition 2.3. We say B; is a (standard) Brownian motion if
e B; is a Gaussian process,

e Foranyt < s, E[B;] = 0and E[B;Bs] = ¢,

by considering a modification if necessary, but I avoid that discussion completely.
8We do not need to use Markov property.
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Proposition 2.4. Suppose B is a Brownian motion. Then,

(Translation Invariance) for any s > 0, the process B} := Bgy; — By,
(Scale Invariance) for any ¢ > 0, éf = %Bct

(Time Invariance) B; = tB1/s,
are all Brownian motions.
Exercise 2.5. Prove Proposition 2.4 using the definition 2.3.

be i.i.d. random variables with expected 0 and vari-

Zs,

i=1

Theorem 2.6 (Donsker’s Invariance). Let £1, &5, ...
ance o%. Define

2} = === (Za) + (1 = (01 DElej11).

1
vVno?
Then, V4 7 converges in distribution to the standard Brownian motion.

Note that when t = 1, this is essentially the CLT. Importantly, we now have a very easy method to
construct approximate Brownian motions.

Standard Random Walk - 30 Steps Scaled Random Walk - 30 Steps

e
Standard Random Walk - 400 Steps

Sealed Random Walk - 400 Steps
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Time
Standard Random Walk - 10000 Steps

Time
Scaled Random Walk - 10000 Steps
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Figure 1: Visual convergence of random walk to Brownian motion. See the Functional CLT 2.6.

Let us discuss an important observation about the o-algebra .7-"6" = mg>o}"€B , called germ field, which
represents limits of functions on the paths {By : 0 < s < g}. Consider a ¢ which is measurable with respect
to ]-'(;L . In particular, it is measurable with respect to ff for some small ¢ > 0. Then, by Doob-Dynkin

Lemma,
@(w) = h(Bjo,¢)(w))
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for some measurable i. Here [o ¢ represents the path. However, since it has to be measurable with respect
to s < ¢, it most hold that

h(Bio,s)(®) +5 Bs.e](®)) = h(B[o,5](&) +5 B(s,¢](®)), whenever Bigg(w) = Bio (@)

Otherwise, it would contradict with ¢ € ]-"SB .2 That is, & is in fact independent of B(s,¢] and one can well
define

¢ = h(Bo,s1)
Because s is arbitrary, only lim,_, o+ By might matter, if it was not by continuity equal to 0. We deduce that
¢ = h(0)

and hence a constant. To sum up, we have shown that, if ¢ € F, then it is a constant. This yields an
important result:

Theorem 2.7 (Blumenthal’s 0-1 Law). Ler A € ]:6". Then either P(A) = 1 or P(A) = 0. In other words,
.7-"6" is almost the trivial o-algebra.

Proof. For a given A € F, +, consider the random variable 1y 43. Since it is measurable, it has to be constant.
Therefore, it is either 1 or 0 almost surely. |

Altought at a first glance the result seems to carry only a little information, one notices that it yields
important informations about the local behaviour of the process. We now explore some immediate conse-
quences.

Theorem 2.8. Let t = inf{t > 0: B; > 0}, thenP(r = 0) = 1.
Proof. For any ¢, P(z <t) > P(B; > 0) = 1/2. By continuity of measures,

P(z =0) =1limP(zr <t)>1/2
t40

On the other hand, {t = 0} € f(;r and Blumenthal’s 0-1 Law 2.7 concludes the argument. |

As the Brownian motion is symmetric and continuous, immediate follow up result is:
Theorem 2.9. Ift = inf{t > 0: B; =0}, then P(r =0) = 1.

In particular, B; has infinitely many 0’s in [0, €] for arbitrary & > 0 almost surely. One can continue to
study local behaviour, but we only state one important result as a remark and move on.

Remark 2.10. Law of Iterated Logarithms:

— Bs—B Biis—B
i T — 1, and  lim e

lim ; am
§—o0t /25 loglog(1/4) s§—>o0+ /28 loglog(1/6)

In particular, B is not %—H'dlder continuous and hence nowhere differentiable too.

9Here, I am hiding an important step for the sake of explanation. To claim that ¢ = h(Blo,s1), we need the fact that Brownian
motion has independent increments. More formally, let ¢ = h(B[g 4], B[s,s] — Bs”). Then, since ¢ € Fy,

h(Bo.s]:"Bls.¢] — Bs”) = Elp|Fs] = h(Bpo.s))

a.s. for distribution on Bg 4], and independently almost surely for ”B[s ;] — Bs”. (Making it fully rigorous needs more notations)
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Next, we will use the symmetry of Brownian motion to show the so called reflection principle. It is an
important result to deduce facts about the supremum of the Brownian motion. In particular for finance, this
is used for pricing Barrier options.

Theorem 2.11 (Reflection Principle).

IP( sup Bg > a) = ZP(B; > a)

o<s<t

Proof. We will prove something slightly more general for b < a:

lP’( sup By > a, By 51)) :IP(B, 22a—b)

o<s<t

given this, it is straightforward to finish the proof as

]P’( sup Bsza)zlP’( sup Bsza,Btfa)JHP’( sup Bsza,Btza)=2]P’(Btza)

0<s<t 0<s<t 0<s<t
Now, we will see how useful the stopping times are. Recall lemma 1.51. Define
17, = inf{t > 0: B; > a}
and then by the Strong Markov Property, the process
By 1= Bytr, — By,

is also a Brownian motion. Then,

IP’( sup Bsza,BtSb)=IP’ raft,ét_rafb—a)
o<s<t

(
(Symmetry) = IP’(ra <t, —ét_,u <b-— a)
=]P’(ra <t.a+ B, zza—b)
(2a—b > a) =IP’(ta <t,B; 22a—b) =]P’(Bt > 2a—b)

Before continuing to define the integrals with respect to the Brownian motion, we first study the total

variation and quadratic variation. Let 7 := 0 =ty < t; < --- < t, = T be a partition of [0, T'] and set
|| := max; t; — t;—1. Then, we define the total variation of a process X in0 <a < b < T as
b n
o b._
\/(X) = sgpz |th|Z — Xti—1|2|’ where |, :=aVtAb
a i=1

Furthermore, we define the quadratic variation of X, a process in R4*4 as
n

(X)¢ := lim (Xti|t _Xti—1|[)(Xti|t _Xti—1|t)T

|| —>0 “
i=1

if this limit exists in the sense of convergence in probability. Note that, we do not define in a pathwise
manner, or say for each w € 2. Next, we compute the quadratic variation of the Brownian motion:
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Proposition 2.12. Suppose B, B are two independent standard Brownian motions. Then,
n 5 2 n 5 5 T 2
lim E|( Y (B =By )’ ~1) [ =0and lim E| (D (Byp =By i) (Bup—By )" | =0
|7 |—0 |: ;( tl|t t;—1|t) } 7 |—0 [ ;( tl|t tl—l|t)( tl|t tl—1|t)

Consequently, if B is a d-dimensional standard Brownian motion'’, then (B); = tl; where I is the
d-dimensional identity matrix.

Proof. First of all, by noting the elements of (B),, it follows (B), = t1; since L? convergence implies the
convergence in probability. We will only prove the first claim, as the second one follows similarly. Define

At =t — iy, M= |Bt,- —Bti_1|2—Al‘i
Note that n;’s are independent and E[n;] = 0. Then,
2 4 21\? 2 2
Var(n;) = Var(|B;, — By,_,|?) = E[|B;, — Bi,_,|*] - (IE[|B,i — By, ]) = 3A12 — AL
Therefore, we can conclude

E[(i By — By, |2 _t)z] - E[(im)z] — Var (im)

i=1 i=1 i=1

n n n
= ZVar(ni) = 2Z(Afi)2 <2|m| ZAti =2|n|T — 0

and hence we proved the result. |

Corollary 2.13. \/2(3) = o0 almost surely.

Proof. Observe that, for any partition 7,

n n b
Z |Bli|Z o Bli—l|2‘2 = (miax |Bti|2 o Bti—l 2|) Z ‘B1i|2 o Bti—1|2‘ = (miax |Bti|2 a Bti—1|2|) \/(B)
a

i=1 i=1
Since we know that Brownian motion is continuous, max; |B,. b= B, 1 | — 0 almost surely. On the other
lla 1—lla

hand, we have seen that > /_; }Bti|2 — Bti_1 I ‘2 — b — a which then clearly implies the result. By using
monotonicity of total variation, one can in fact show that the result holds for all 0 < ¢ < b < T almost
surely. |

Notable Results and Dates
e Brownian Motion (1827) — Robert Brown
e Brownian Motion (1900) — Louis Bachelier
e Brownian Motion (1905) — Albert Einstein, Marian Smoluchowski
e Wiener Process (1923) — Norbert Wiener
e Levy Processes (1930s) — Paul Lévy
¢ Blumenthal’s 0-1 Law (1957) — Robert McCallum Blumenthal

e Donsker’s Invariance Principle (1951) — Monroe D. Donsker

10That is, each component is an independent standard Brownian motion.
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3 Stochastic Calculus

Fix a filtered probability space (22, F,F,P) together with F-Brownian motion.'" In this section, we will
formalize the meaning of [ '0dB; and introduce the It6’s formula. First, we need to endow our space of

processes with .2 norm, given as
T
X0 :=E[ [ 1xar]

which is then a complete metric space. ' Recall that we defined the Lebesgue integral with simple functions,
which were essentially piecewise constant functions. Similarly, we will first define the stochastic integral
for simple processes which are F-adapted processes that are piecewise constant in time. That is, o is a
simple process if 0; € F; and there exists a partition 0 = 79 < --- < f, = T for which o; = oy, for all
t € [ti,ti+1). Now, define the stochastic integral as

t n
/ 0sdBs =Y 04,_, (Bt — By_1), YO<i<T
0 i=1
Lemma 3.1. Suppose o is a simple process with || |2 < co. Denote M; := f(f 0sdBs. Then,
(i) M is an F-martingale. In particular E[M;] = 0.

(ii) || M |2 < oo and M, = M2 — f(; los|?ds is a martingale. In particular, we have the Ito isometry:
t
B[] =B [ losfas] G
0

(iii) M is continuous almost surely.

Proof. (i): By the tower property of conditional expectations, it suffices to show that
E[My|Fil =M, tio1<t=t

because one can easily extend it to any ¢ < t; and E[My|F;] = E[E[M,|Fs]|F:] t < s < t;. Now, above
follows by a straightforward observation

E[M; — M| F:] = Eloy;_,(By; — By)|Ft] = o1, E[(By;, — By)|F:] =0
(ii): It suffices to show that Misa martingale to argue L2 integrability. First,
My, — My = M — M? — oy, |*(t; — 1) = (My; — My)? + 2M(My, — My) — |og,_, |2 (t; — 1)
and now similar to (i),
E[Mt,- - M,|ft] =E[(M,, — Mt)2|-7:t] + 2ME[(My; — M)|Fi] — los,_, (i —1) =0
(iii) is obvious by the definition of M;. |
We will omit the proof of the next two lemmas for this course. First one is a crucial estimate that allows

us to keep the stochastic integrals staying in L? space. Second one states that simple processes are dense in
L? and hence allows us to extend the stochastic integral from simple processes to L2 processes.

11 \We call B an F-Brownian motion, if B is adapted to the filtration F and (B; — By) is independent of F.
1211 fact, it can be viewed as a closed subspace of L2([0, T] x €2), but we will not discuss much. See Karatsaz&Shreve for a
rigorous construction of stochastic integrals.
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Lemma 3.2 (Doob’s Maximum Inequality). Suppose o is a simple process with ||o|2 < oo and let
t
M; := [, 0sdBy. Then,
E[|M7|*] <E[ sup |M,|*] <4E[|M7|*]
0<t<T
Lemma 3.3. For any process o with ||o|l2 < oo, there exists a sequence of simple processes " with
lo™ |2 < oo such that |0 — o™||, — O.

Let us remark that, for o continuous and bounded, it is easy to construct an approximating simple
processes as

n
T
n .__ L oe— 1 ;T —
o, = Zo-ti—ll{[ti—lati)}’ where f; ;= i = 0,---.,n
i=1
Finally, we collected all the results needed to introduce the stochastic integral for any L? process o.
Introduce M" corresponding to ¢”, by Doob’s maximum inequality and Itd isometry,

T 5 T
E[ sup IM{’—M{"I2]54JEH/ (of — o/")dBi| ]=4E[/ o — 0" 2ds | = 4lo" — 0™ 5
0<t<T 0 0

and since o” approximates o, ||[6" — ™| — 0 as m,n — oo. Since the space is complete, Cauchy
sequence converges to some limit M. If 6" was another approximating sequence, by the similar observation,

IE[ sup |M] — ]\;It”|2] <4|lo" =", =0
0<t<T

and hence the limit is independent of the approximating sequence. Therefore, we define

t t
/ ogdBs = lim o, dBs where the convergence is in the sense:
0 n—>oo 0
t t 2
lim ]E[ sup ’/ osst—/ " d B ]:0
n=00 Lo<i<T!Jo 0

Remark 3.4. (i): Note that the convergence is not in a pathwise manner. That is, we cannot determine

(fé o5d B ().
(ii): One can further extend the integrals to locally L? processes o, i.e. without requiring finite expecta-
tions, by using stopping times. In this case, M; := fé 05d By is a local martingale.

The following theorem holds due to the uniform convergence that we have in the definition of the
stochastic integral.

Theorem 3.5. Suppose o is an L? process, i.e. ||0]|2 < 0o. Denote M; := f(; odBg. Then all the results in
Lemma 3.1 holds true.

3.1 1to’s Formula

We will prove the Itd’s formula, which can be viewed as the fundamental theorem of stochastic calculus.
First, let us observe why the usual chain rule type of result does not work in the case of stochastic analysis.

Example 3.6. Let B be the standard Brownian motion. Then,
t
|B:|*> —t = 2/ Byd By
0
Consequently, considering f(x) = x2, it does not hold that d 'f(B;) = f'(By)dBy.
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Proof. We will argue for t = T for notational simplicity. Let 7 : 0 = f9 < --- < t, = T be a partition of
[0, T], and write

n n
|BT|2 = Z | Bi; |2 — By, |2 = Z |Bt; — Br;_, |2 —2By;_(B;; = By;_,)

i=1 i=1

We know that as 7| — 0, ZLI |B:;, — By;_, |> — T in L?. On the other hand, one can check that
Y i Bt Lses;_, 1)y 1S a simple process approximating the Brownian motion. Then, by definition of
stochastic integral we conclude the result. |

Now, suppose b is L! and o is L? processes adapted to the filtration . Let

t t t
X: = Xo +/ bgds —I—/ osdBg, and (X); :=/ |05|2ds
0 0 0

Theorem 3.7 (Itd Formula). Supose f € C12([0, T] x R;R). Then

df(t, Xs) = 0¢ f(t, X¢)dt + 0x f (¢, Xe)dX: + %3xxf(la Xe)d(X):
=[3:f +bidxf + |Gt|2%axxf](t’Xl)dt + 010x f (1, X¢)d By

which means,

t

t
£t X0) = £(0. Xo) + /0 [80f + bidsf + oc? Loxs £1(1. Xo)dt + [0 0005 (1. X)dBr  (3)

Proof. We will proceed the proof only for the simple case. We will assume that b, ¢ are simple processes
and all the derivatives of f are bounded.

Because we assume that the derivatives of f are continuous, on a compact set, their supremum is finite.
That is, they are locally integrable and therefore integrals in (3.2) are well defined. We will assume t = T
again. As a first step, assume b and o are bounded and F measurable. Take a partition 7z of [0, 7] and write

f(T,XT) = (0, X0) = Y f(ti, Xt) = fltim1, Xy,

i=1

denote At; :=1t; —ti—1,ABy, := By, — By, _, and note that AXy, := X;, — X;, |, = boAt; +09ABy,. By
Taylor expansion,

f(ti’ th') - f(tl'—l’ Xti_l) = f(ti—l + Ati: Xt,'_l-i-Ali) - f(ti—lv Xt,'_l)
=0; f(tic1, Xo;_ )AL + 0x f(tiz1, Xy )AXy,

1
+ Eattf(l‘i—l, Xti_1)|Ali|2 + 0rx f(tiz1, Xo,_ )AL A X,
1
+ Eaxxf(ti—l’ Xti_1)|AXt,‘|2 + RZT
1
= |:atf + b()axf + Eaxxf|0-0|2:| (Zi—l, Xt,'_l) Ati + anxf(ti—lv Xti—l) ABtl’

1
t 50 (i1, Xep ool [|ABy 2 = At ] + 17

13We are ignoring the discussion around adapted vs progressively measurable processes. Also, in general locally integrable
processes are sufficient to argue the It6 formula.
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where |
17 = 5 [3ttf + 0¢x fbo + axxf|b0|2] (ti—1, th._l)|At,~|2

+ [0sx /4 bo00dxx f1(ti—1, X1;_ ) Ali ABy; + RT,
|RF| = C[|a6P + 18X, 1] < C[|aG P +]AB, ]
Now, we let || — 0. Send || — 0. By the Dominated Convergence Theorem,

n

1
3 [a,f + bods f + Eaxxﬂaoﬁ] (tim1. Xy, ) At

i=1
r 1

—>/ [atf+b08xf+5|oo|28xxf] (t, X¢)dt inL?
0

Again by Dominated Convergence Theorem,

n ti
E [Z/ 10y (£, X1) — O f(ti—1, X,,._l)|2dti| -0
j=171%i—1

and thus, by It6’s Isometry,

n T
Zaoaxf(fi—l, Xti_l)ABti g / UOaxf(ta Xt)dBt in L2-
i=1 0

This concludes all the terms we need. Now, we need to show that the rest of the terms converge to 0 in L2
sense. By Example 3.6, we see that

I
|ABy, | — At = 2/ (B: — By, )dB;
ti—1
Then

n n ti
D 0ux flio1. Xy ) [|ABy > = Ati] =2 Oxx ftim1. X)) | (Bi — By,_,)d By

i=1 i=1 ti—1

T n
= 2[ Zaxxf(ti—l, th-,l)(Bt - Btifl)l{[tifl,t,')}dBt
0

i=1

To show that this converges to 0 in L2, by Itd Isomery,
n
Zaxxf(ti—I, Xt,‘_1)(Bl‘ _Bti_l)l{[l‘i_l,ti)} dt

T
el
0 Ji=1

n t -
=E [Z / |0x £ (ti—1, X1, )(B: — By,_)| dt

i=1"v%i-1 i

iy

i=17"%i—1

t; n
(t —ti—)dt = C Y _|A;;]> < Cln| >0

i=1
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Lastly, we need to control /7. Recall that E[|A By, |P] = Cp|At; |§. Then,
n 2 n
IEU WA ] < ]E[nz \1;’\2}
i=1 =
n

1
< CE[H D OIAG + | AL P|AB, ) + |ABti|6] <Clz| >0
i=1

Note that, it is straightforward to extend to simple processes b and o, because we can apply the above
result on [tj—1, t;) to get
t I

[00 + beds f + |00 Lo £1(0. X1 + / 019x f (1, X,)d B

ti—1

F. Xe) = fti-1. Xgi_,) :/

ti—1

and sum it up. ]

3.1.1 Multidimensional It6 Formula

Let B = (B!,--- ,Bd)—r be a d-dimensional F-Brownian Motion, b'’s are L', 0%/’s are L2 processes
adapted to the filtration. Set b := (b',--- 69T and o := (07 )1<i<d,,1<j<a Which take values in R4
and R4 %4 respectively. Let X = (X1,---, X9)T satisfy
. . d .. .
dX; = bydt + Zo,”dBtj, i =1,---,dy; orequivalently, dX; = b;dt + 0:dB;
j=1
Theorem 3.8. Assume f € CI’Z([O, T] x Rdl;R). Then
df(t, X¢)

= [0S + @b+ 30ef < (@000 XVt + (0 fi0, X0) TrdB,

d; dy d dp d

| L . .

— [a,f + > 0 fbh + 5 D) O fot’ko,]k}(t,X,)dt +> 05 f(. X)) o/ dB].
j=1

i=1 i j=1k=1 i=1

where A : B :=tr (AT B) is the trace operator."*

3.2 Martingale Representation Theorem

We know that given L? process o, the stochastic integral fé od By is a martingale. Martingale Representa-
tion Theorem deals with the converse.

Theorem 3.9. Suppose & is measurable with respect to the o-algebra of Brownian motion }'7'? = 0(Bs :
0 < < T) and square integrable. Then, there exists unique process o adapted to FE with ||o||» < oo s.t.

T
£ = E[¢] +/0 o.dB,

Consequently, for any martingale M adapted to B8 satisfying E[|MT|?] < oo, there exists such a unique

process o such that
t

M t = M 0 + / Og d B s
0
14Trace operator is essentially an inner product, generalizing the usual inner product of vectors.

25



Proof. Let us first show that the first claim implies the second one. Since E[|Mr|?] < oo, there exists o

such that
T

Mt = E[Mr] +/ osdBg
0

Define ,

M; = E[M7] + / osd By
0
We know that M is L2 martingale and M T = M. Therefore,
M; = E[MT|]-"tB] = IE[Mﬂ]—“f?] = M;, (and in particular, My = IE[MT])

Next, uniqueness is a direct consequence of It6 isometry. Suppose there exists an another such 6. Then,
T
/ (Os_6s)st :0
0
Consider the L? norm to obtain that
T
IE[/ los — 5s|2ds] =0, whichimplies o5 = 65 dt x P — almost surely.
0

The crucial part is the existence. Construction essentially relies on the connection between the heat
equation and Brownian motion. We will only deal with the regular cases, and omit the dealing with the
regularity extensions. Let us first assume that £ = g(Br) for some bounded measurable g. In particular, &
is 0 (BT ) measurable. Define

u(t,x) = E[g(x + Br — Bt)] = / g)p(T —t,y —x)dy, where p(t,x):=

R

It is a straightforward computation to show that p satisfies the forward heat equation:
1
dep(t,x) — Eaxxp(t,x) =0

Then it is clear that u satisfies the backward heat equation:

1

drult,x) + Eaxxu(t,x) =0, u(T,x)=g(x)

Define
Mt = u(t,B,), and O = 8xu(l’Bt)

Note that u is smooth as p is smooth, then apply the Itd formula to get
1
du(t, Bt) = [atu + Eaxxu](t, Bt)dt + 8xu(l, Bt)dBt = O'tdBt

Therefore,
T

T
¢(Br) = u(T. Br) = u(0.0) + /O 05dBy = Elg(Br)] + /0 05d By

and since 0, u is bounded (hence L?), we conclude the result.
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Next, we will show how to extend for the case § = g(By,....,B;,) where0 < t; <--- <1, < T and
for some measurable g : R” — R. Given (By,, ..., B;,_,), we can apply the first result on [t,—1, ;] to get

In
g(Btla sy Btn) = ]E[g(Bll’ tee Btn)|ft€_1:| +[ G;lst
In—1

Now, IE[g(Btl veovy By,) |]-"fj_l] is measurable with respectto o (By,, ..., By, ). In particular, since Brow-
nian motion has independent increment, we can introduce

g”_l(xl, ooy xn—1) :=E[g(x1,...,Xp—1.Xp—1 + By, — Bs,_,)], and hence
" '(By.....By,_) =E[g(By..... B,)|F}_ ]

Repeat the same argument to get

th—1
gn—l(Bt1 e Bln,—l) — ]E[gn_l(Bll sy Bln—l)l‘}-tlj_z] + / O';,i_ldBS
h—2
th—1
:gn_z(Btl,...,Btn_z)—l-/ O';l_lst
h—2

n—2

where we defined g similar to g”~!. Repeating the same logic yields

n ti ) n ti )
g(B,l,...,Btn)=g0+Z/ o1 dB, =]E[g(Bt1,...,B,,,)]+Z/ oLdB;
i—1Yti—1 i=17%i-1
and this concludes the result in this case. [ |

3.3 The Girsanov Theorem

In this section, we will discuss changing the measure P where B is a P-Brownian motion. In essence,
consider many paths realized by the Brownian motion. We will construct an another measure P% still
defined on the same set of paths but shifted in a differentiable way assigning different probabilities and
hence B will not be a Brownian motion for P%, but By := B; — f(; agds will be.

To better make sense of the Girsanov’s Theorem, let us first discuss the canonical setup. We take
Q = C([0, T]; R) as the space of continuous functions. Then, we set B : 2 — R as the canonical process,
that is, By (w) = w; and let the filtration generated by the canonical process. Wiener formalized the fact that
there exists a probability measure P, called Wiener measure, for which B is a Brownian motion.

To show the underlying mechanism under this explanation, take a partition 7 : 0 =9 < --- <t, =T
with At#; = t; —t;—1 and consider the distribution generated by (ABy, ..., ABy) = (B, — By, ..., Bs, —
By,_,). Then, take simple processes &, AB, and A B® on this 7 as

n
a(t,C()) = Zai (w)l{[t,'_l,t,')}(t)a
i=1
" AB: n
AB(t w) = Z At_l Ly (0, ABY(t, @) 1= Z
i

i=1 i=1

AB; —a; Aty

An Mo ()
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We remark that

t

t n
/AB,dz ZAB,wB,, /AB;"dt:ZABi—aiAtiva,—/ a,dt, and
0

i=1 i=1 0

/|ABt|2dt Z'AB’ (ABi - ABy) (Z%) ' (AB1 - ABy)
i=1

where X7 = diag(Atfq, ..., Aty).

We denote the joint density of (ABy, ..., AB,)asdP(zy,...,z,)and computeitatdP(A By, ..., ABy).
This is for notational convenience in the upcoming computation, and one can compute the conditional ex-
pectations to recover the density. Now, we are ready to introduce a new probability measure P* with the
density given as;

T T
1
dPY(ABy,...,ABy) i= exp(/ asd By —5/ |as|2ds)dIF’(ABl,...,ABn)
0 0

T 1 T ) 1 1 T )
=exp(/0 (XsdBS—E/O |Ol_g| dS)WeXP(—E/O |ABS| dS)

S L ag 2ds )
_2n/2|2n|1/2exp<_2 0 | S_(XS| s

Note that this is the same joint density, but the mean is shifted by the process «. Let us note explicitly

T " AB; 2 ‘ 2 1
/0 |ABs_aS|2dS=;(Atil _ai) At; =Z(ABi—OliAli) AL

i=1
= [AB1 — 1Al ... AB, —apAty] (%) V[ABy — 1Al ... AB, —apAty]"

which in particular shows A B; has expected «; At; under P%, and variance is not changed. To sum up the
main message, under P%, AB; — «a; At; has exactly the same distribution as A B; under the original IP. In
other words, A B has the same distribution under P as A B* under P¥. To finish the argument, ignoring the
small corrections due to partitions,

t t t
/ ABds ~ B;, and / AB%ds ~ B; —/ ogds
0 0 0

are both Brownian motions under their corresponding measures. Altough it is not the rigorous proof, we
will rely on this observation and only state the main theorem. See Karatzas&Shreve [4].

Theorem 3.10 (Girsanov’s Theorem). Let (2, F,F, P) be a filtered space where B is F-Brownian motion
under P. Suppose a be L? process and

M; = exp(/
0

t

1 [ 2
asdBs -3 / | ds) (3.3)
0

is a martingale. Then,
P(A4) = IE[MTI{A}] — / Mr(0)dP(w), YAeFr (thatis, dP® = MpdP)
A
is a probability measure. Moreover, the process

t
BY := B; —/ ogds
0

is a Brownian motion under P%.
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Exercise 3.11. (i): Prove that P¢ is a probability measure.
[Hint: Find the result where we have already proved P“ is a measure.]
(ii): Show that M = M; defined in (3.3) satisfies

t
0

[Hint: Itd6’s Formula.]
One sufficient condition for M, to be a martingale is the following result: '

Lemma 3.12 (Novikov’s Condition). Suppose

T

E[ exp (%/ o 2dr) | < o0
0
then My in (3.3) is a martingale.

Notable Results and Dates
e Ito’s Formula (1944) — Kiyosi Itd

e Martingale Representation Theorem (1960s-1970s) — Paul-André Meyer, Claude Dellacherie

e Girsanov’s Theorem (1960) — Igor Girsanov

15See Kazamaki’s condition for a more general condition.
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4 Stochastic Differential Equations

In this section, we will briefly explore the notion of Stochastic Differential Equations (SDEs), which can be
seen as a stochastic version of ordinary differential equations.

Fix a filtered probability space (2, F,F,P), where B is an d-dimensional Brownian motion. Our
interest here is the solution to the following equation:

Xl:XO+/
0

As usual, we will omit w from notations. Here X € R” is Fy measurable, and

t t

as(w, Xg)ds +/ os(w, X5)dBs, 0<t<T, as. 4.1)
0

a:[0,T] x 2 xR" - R", o :[0,T] x Q x xR" — R"™*4
Moreover, o; (X;) and o;(X;) are (progressively) measurable with respect to the filtration F.

Assumption 4.1. « and o are uniformly Lipschitz continuous in x with a Lipschitz constant L. That is,
o (x1) — otz (x2)| + o7 (x1) — 04 (x2)| < L|x1 — x2], Vx1,x2 €R", dt xdP —a.s.

Also, Xo is in L? and

E[(foT |ozs(())|ds)2:| < oo, IE[(/OT |0s(0)|2ds):| <0

We won’t be rigorously prove the well-posedness, but rather state the necessary steps. Uniqueness can
be seen immediately from the following important estimate;

Theorem 4.2. Suppose (X}, al,o') and (X2,a?,o?) satisfy the Assumption 4.1 and X', X? are the cor-
responding solutions to the SDE (4.1). Then,

T 5 T
IE[ sup |AX,|2]§C]E[|AX0|2+(/O |Aa,(Xt1)|dt) +[O |Aa,(Xt1)|2dz]

0<t<T
where Ap = @' — ¢? for ¢ € {Xo, X, a,0).
Theorem 4.3. Suppose (Xo, «, 0) satisfy the Assumption 4.1. Then SDE (4.1) admits a unique solution.

Proof. The idea is the same as Picard Iteration. We will only sketch it. Let X to ‘= Xpforall0 <t <T and

define

t t

th+1 = X0+/0 Ots(Xsn)dS'i‘/O Us(Xg)dBS

Denote AX" := X" — X"~ and then show the estimate
T T
E[/ |Axg+1|2ds] <2L*(1+T) T IE[/ |AXS"|2ds}
0 0

Choose T small enough such that

IAX" 2 < S1AX" )2

2
2
Then, since the space of such processes is complete, by Banach Fixed Point theorem, we have the limit
satisfying the SDE. Now, to extend to arbitrary times, simply partition to small times and solve at each
subinterval. Well-posedness in a small time is almost always much simpler to show. The key observation

here is that we can obtain the small 7" depending only on the uniform Lipschitz constant L. |
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4.1 Forward-Backward SDEs & Feynman-Kac Formula

In this section, as in previous section, we will be less concerned about rigorous arguments but rather will
g0 over some important concepts in a non-formal way. Altough the discussion can be carried out in higher
dimensions, to keep the notations simple and typically assume scalar valued functions implicitly.

Similar to the well-posedness of SDEs, one can work out the well-posedness of Backward SDEs (BSDE)s,
which is crucial to capture the structure of stochastic optimization in general:

T T
Y, = Yr +/ fo(Ys. Zs)ds —/ ZsdBs, 0<1<T, P—a.s. 4.2)
t t

where (Y, Z) pair is the L? solution with appropriate dimensions. Note that we are familiar to the con-
cept from financial contracts, where the terminal value is given and we are interested in the Y; above for
pricing purposes. It is worth mentioning that BSDEs can be seen as a nonlinear version of the martingale
representation theorem. Next result is in this direction:

Lemma 4.4. Suppose [ :[0,T] x Q — R” is independent of (y, z) and define

Y = IE[YT + /tT fsds{ft]

Then, there exists a unique L? process Z such that (Y, Z) is the solution to (4.2).

Proof. We first observe that Y; + fé frdr is a martingale:

IE[Yt +/Ot f,drm] - E[]E[YT + /sTfrdr|]-"s] + /0 frdr|]-"s] =Y, + /0 frdr

Note that we used adaptedness of f and properties of conditional expectation, which some are hidden. Then,
by Martingale Representation Theorem, there exists a unique L? process Z such that

t T t
Yt—l—/ frdr =E[YT+/ f,dr]+/ Z,dB,
0 0 0

and in particular

T T

T
Yr +f frdr =E|¥r +/ frdr] +/ Z,dB,
0 0 0

Let us collect the terms as we need to observe (4.2):

T T
Yr +/ fodr —/ Z,dB, = IE[YT +/
t t 0

and hence we conclude the result. [ |

T

t t
frdr]—/o f,dr+/0 Z,dB, = Y,

We now further include the forward dynamics into the discussion, typically models the price of underly-
ing assets in finance, and consider the backward equation slightly less general. That is, we will be interested
in the following decoupled Forward-Backward SDE (FBSDE) structure:

X o=x+ fts a(r, XFY)dr + fts o(r, X*)dB, (forward)
“4.3)
Yo = o)+ [T fo XEE v ZEydr — [T ZE¥dB,  (backward)
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I6Notice that we included the initial time and state (¢, x) into our notations, and if ¢ = 0, we will drop it from
superscripts. Note that all the functions are state dependent, and does not rely on paths of the processes.
One can show that the solution triplet (X, Y, Z) is Markov, and consequently

X2

Yy = Yo~

s

On the right, we have the value process where forward dynamics are initiated at time 0. On the left, however,
forward dynamics are initiated at time ¢, but starts from X ,0 .
Now, define
u(t,x) = Y,t’x

and we remark that u(¢, x) € F; and again by Markov structure, is independent of F;. Therefore, it is a
well-defined deterministic function. Moreover, it holds that

£,xX2*

u(t, Xy) == u(t, X)) = Y, =y =y,

We are now ready to observe the Feynman-Kac formula directly. Suppose u € C 12, and write down
the Itd formula:

dY; = du(t, X;) = [a,u + adxu + %tr (aaTaxxu)](t, Xy)dt + [o0xu](t, X¢)d By

On the other hand,
dYt = —f(t,X[, Yt,Zt)dt + Z;dBt

Therefore, we observed
[8,u + adyu + %tr (GGTaxxu) + f(, Yy, Z,)](t, X;)=0 and Z; = [od,u](, X;)

We then write down the Feynman-Kac Formula, and adapt it to our needs in the pricing of contracts. First,
we will assume f is independent of (y, z) and second, we will consider a discounting factor.

Theorem 4.5 (Feynman-Kac Formula). Suppose some regularity conditions (such as Lipschitz continuity
etc.) holds for the coefficients, and u € C2([0, T] x RY; R) is a classical solution to the following PDE:

[8,u + o du + %tr (aaTaxxu) —ru + f](t,x) =0, u(T,x)= () (4.4)
Then, .
u(t, x) = E[e"(T_’)CD(XtT’x) + / e 67D £ (s, X;’x)ds] 4.5)
t

Remark 4.6. (i): Note that the —ru term is due to the discounting we typically encounter in finance. By
setting %(t,x) = e " T=Dy(z, x), you can modify the above discussion in a straightforward manner.

(i1): Notice that this is a representation result for the solution of the PDE (4.4). The result follows
directly from Lemma 4.4. Other terms are incorporating the discounting factor appropriately.

Example 4.7. The heat equation is given by
8;14 - %8xxu - 0

with some initial condition u(0, x) = ug(x). Then, by taking («,0,r, f) = (0, 1,0,0), and changing the
time from backward to forward, one can observe that the solution is given by

u(t, x) = Efuo(x + By)]

This shows how the Brownian motion can directly model the diffusion of heat.

16Do not confuse the integration variable r with the interest rate, which will also be denoted as r.
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Notable Results and Dates
e Picard Iteration Method (1890) — Emile Picard

e Lévy Processes (1930s) — Paul Lévy
e Feynman-Kac Formula (1940s) — Mark Kac, Richard Feynman

e Forward-Backward SDEs (1990s) — Etienne Pardoux, Shige Peng, Jin Ma, Jiongmin Yong
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5 Portfolio Structure & Market Dynamics

5.1 Portfolio Structure

In this section, we will review concepts related to portfolios. To reserve the notation B to the risk-free asset,
we will switch to denoting the Brownian motion (or Wiener process) as W.
We assume there are N risky-assets S = (S!,...,SV), and a risk-free asset B'”. To simplify the
notations, as long as we don’t need to explicitly mention, we will treat S = (S°, S1,..., SV) with S° = B.
We characterize a portfolio by an adapted process h; = (h%, k!, ..., hV) denoting the number of assets
in the portfolio, and an another scalar adapted process ¢; called consumption process. The portfolio value
Vhis given by
N
vl i=nlSi=hi S =hiB+) hS;

i=1
Assumption 5.1. We only consider portfolios such that the portfolio value V" isan L? process.

Definition 5.2. We say (%, c) is a self-financing portfolio if
thh :ht'dSt—Ctd[ (51)

Given h, we can create the relative-portfolio u as
— 0<i=<N

and note that Zf’v:o u' = 1. We can write down the self-financing condition in terms of relative-portfolio:

Definition 5.3. We say (#, ¢) is a self-financing portfolio if

N, dsi
avlt=vly u;S_;,f — cpdt (5.2)
i=0

Let us state an immediate observation as a lemma:

Lemma 5.4. Suppose there are scalar valued processes ct, Z+, u’t 0 <i < N where

N dSi N .
dZ,=2; Yy ui—L —cidt, and » uj=1
0=1 Si 0=1
Define a portfolio h; by .
. ulZ
i = ;,— ! (5.3)
t

Then the value process Vhis given by Vth = Z;, the pair (h, ¢) is self-financing, and u is the corresponding
relative portfolio to h.

7Do not confuse with Brownian motion.
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Proof. By definition Vth = h;S¢, and hence

N o N ' N '
VE="RSI =Y ulzZi =2 ui =2,

By definition of ul;, it is immediate that u is indeed the relative portfolio corresponding to 4. By (5.2), it is
also clear that (%, ¢) is a self-financing portfolio. |

We present this familiar notion of relative portfolio, which is convenient in certain cases such as portfolio
management. However, as we are mainly interested in pricing the contracts, we will typically encounter
arbitrage portfolios with no value, which does not immediately allow the construction of relative portfolios.

Let us motivate the self-financing condition by the discrete case. Suppose we index times with O, 1.
Then, initial portfolio is Vo = h{ So, and at time 1 it becomes V; = h{ S1.'"® If the portfolio is self
financing,

h—lrSl +c1 = h;)rSl — (l’ll —ho)Tsl +c1=0

Therefore,
Vi—Vo = (h{ —h{)S1 + h§ (S1— So) = hg (S1— So) — c1

In words, change in portfolio value is due to the change in the price of the assets and the consumption only.
(5.1) in the definition reflects the same idea.

If one wants to see the connection between discrete and continuous indexing more formally, with appro-
priate definitions and no consumption, it suffices to write that for a partition 0 =tg <t; <--- <1, =1,

n n n
S Vi =V, =D ki (S —Su_ )+ (hy —he_ )" St; =Y h (S — S_,)

i=1 i=1 i=1

and then notice that as the partition size converges to 0, this is exactly (5.1).
Let us also present the core notion of finance that pricing of derivatives are build upon. Consumption is
irrelevant in the pricing of derivatives, so we will assume ¢ = 0 and don’t mention it.

Definition 5.5. We say a self-financing portfolio % is an arbitrage portfolio if
V=0, PWVEz0=1 PV} > 0)>0
o — Y% T = - & T

We will not be treating dividends, but to briefly mention, suppose stochastic processes D; =
(DL,....D f\' ) are given representing the cumulative dividends paid for each stock. We may assume that
cumulative dividends paid for each stock will be given as D! = fg 8ids, where the process & is called
the dividend yield. Now, define the so called gain process G; = S; + D; and the self-financing condition
becomes

AVl =nldG, —c,dt

Note that, altough the price of the underlying asset is S, if one considers a portfolio holding this asset, the
portfolio value is following the gain process.

18T handle predictibility of the portfolio, in discrete time, typically one considers index as shifted. We won’t rigorously discuss
this point further.
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5.2 Market Dynamics

First, let us start with generalized geometric Brownian motion, which we model our price dynamics of risky
assets.

Example 5.6 (Generalized Geometric Brownian Motion). We call the stochastic process S;

t t
Sy = Soexp (/ osd Wy + / [as — %asz]ds) 5.4
0 0
the generalized geometric Brownian motion, which satisfies the following SDE:
dSt =OltStdl+O'tStth (55)

Here, o, 0 are bounded, adapted processes. We typically call « as drift and o as volatility.

Exercise 5.7. (i): Show that (5.4) indeed satisfies the SDE (5.§).
(ii): Suppose o and o are constants. Find the ODE that S(¢) := E[S(¢)] satisfies and write down the
explicit solution.

Definition 5.8. We say B is a risk-free asset if the dynamics are given as

t

dB; = r¢B:dt, thatis, B; = Bpexp (/ rst) (5.6)
0

for some bounded, adapted process r;.

An important special case is the famous Black-Scholes model (BS). The dynamics of BS is modeled by
one risk-free and one risky asset, as in (5.5) and (5.6), where (7, @, o) are all constant.
When we aim to consider N -assets, similar to (5.5),we model it as the solution to the following SDE

dSt :StO(Xtdl+StOO'tth (57)

Here, o € RY o ¢ RN xd are bounded, adapted stochastic processes, W is a d-dimensional standard
Brownian motion, and o is the Hadamard product (element-wise product) between two vectors. To be able
to make sense of

St o (0;dWy) = (S; o ap)d W, (5.8)

we extend the Hadamard product (x o o) between a vector in x € RY and a matrix in 0 € RV *d a5 ith
element of the vector multiplying the ith row. If x € R?, then we set right multiplication (o o x) as the
ith element of the vector multiplying the whole ith column. Moreover, we denote x~! as the elementwise
inverse, that is x~' := [I/x!,...1/x%]. Our choice here is tailored to be compatible with Hadamard
product and if N = d satisfy

-1

(x oo ™) (o ox)=Idyxny = (xoo) (o Lox™!)

where 0! is the usual inverse of N x N square matrix.
To be more explicit, foranyi =1,..., N,

t t d
S! =S6+[o S;a;ds+/0 SeY opldwy/
j=1
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Sample Paths with u=0.1,0=0.1
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Figure 2: Sample paths of S; in the Black-Scholes model.

5.3 Contingent Claims

One of the central interest in math finance is to understand how to price contracts, or so called contingent
claims. Recall that we fix a time horizon T''°, a filtered probability space (2, F,F,P) and typically F; =
.7-';9 = 0(Ss : 0 <s <1t) given by the dynamics of risky asset S.

Definition 5.9. We say X is a contingent claim if X € Fr. We say X is a simple claim if X € o(ST).
In this case, by Doob-Dynkin Theorem 1.31, X = ®(S7) for some measurable deterministic function ®
called contract function.

Example 5.10. Europen call and put options with strike price K are simple claims where
el = (x—K)F. () = (K -x)T

Before moving on to the main focus of pricing these contingent claims, let us briefly review some exam-
ples, without delving into exact details, to illustrate their high relevance in the finance industry. Call and Put
options, also known as vanilla options, are standardized contracts extensively traded for equities on public
exchanges such as the New York Stock Exchange (NYSE) and NASDAQ. There are also non-standardized
contracts known as exotic options, which are typically traded over-the-counter (OTC) where market makers
are investment banks like Goldman Sachs, J.P. Morgan, and Barclays. For instance, Asian options provide
exposure to the average price of an asset, which is particularly useful in the commodity market for produc-
ers, such as in the oil or agriculture industries. Another example is lookback options, which depend on the
maximum or minimum price of the underlying asset and are commonly used in currency markets to hedge
against unfavorable exchange rate movements by locking in the best historical rate.

197 is typically called maturity date, terminal time, time horizon etc. all refers to time when contract terminates.
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Additionally, there are other major classes of derivatives. For interest rates, contracts called swaptions
are commonly used by hedge funds, institutional investors, and banks to manage interest rate risk. For credit
risk, credit default swaps (CDS) are used to hedge the default risk of corporate debt, protecting against
the risk that a company will fail to meet its debt obligations. Furthermore, there are weather derivatives
for temperature, rainfall, or other adverse weather events, which are typically issued by companies such as
Swiss Re and Aon. Agricultural producers, energy companies, and insurance firms use these derivatives
to hedge weather-related risks. Although the underlying dynamics of these contracts may require different
models, the central idea of risk-neutral pricing will remain the same across all of them.

A standard notation for the price of a contingent claim is I1(z; X') in general, and I1(¢; ®) in case X is
a simple claim.”” The price of the contract at the terminal time 7 has no ambiguity. That is, by definition,
I(T; X) = X. We are interested in the price of a contract for 0 < ¢ < T.

We have an important assumption which will always be in consideration.

Assumption 5.11. All the assets, such as risk-free, risky and derivatives of risky assets, are all tradeable
without any restrictions or costs.

We have seen in discrete models that ’frictions’ in the markets give rise to an interval of arbitrage free
pricing, rather than a unique price. For the purposes of this course, we will not attempt to model such
generality in continuous framework.

Proposition 5.12. Suppose there exists a self-financing portfolio h, such that the value process V" satisfies
dvl =k vlde, vE>o
for some adapted process k;. If r; = k; dt x dPP-a.s. does not hold, then there exists an arbitrage portfolio.

Proof. Let us directly construct a portfolio h investing in in two assets (B, V") as follows:
ﬁ(l,w) = (m,/B,, s,/Vth), where s := sign(k; —r¢)

Note that, the value of portfolio his

Vth = m; + ¢

Instead of determining m;, we set m; := V,h — §¢, and determine what V,h must be from the self-financing
condition:

h h
thh = %;dBt + svttht = %dBt — %ttdBt + %th = %dBt + St(kt —rt)dt

Noting that dV/' = d(B,(V}'/B,)) = (V') B,)dB; + B:d(V}'/B,),
Bid(V}/By) = s¢(ke — ro)dt = |ky — r|dt

More explicitly, and since Voﬁ =0,
. t
v = B, [ s gy,
0 u

This not only well-defines m,, but also concludes the result. Note that, by assumption |k,, — ry,| > O on a
set of positive probability, and hence V{l > () with positive probability. |

20we may omit X (or ®) if it is clear.
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Assumption 5.13. We assume the market formed by financial assets (B, S, X) is arbitrage free.

Next, we will derive Black-Scholes equation, the PDE that the price of the contingent claim satisfies
under some simplifying assumptions.

Theorem 5.14 (Black-Scholes Equation). Consider a simple claim X = ®(St) under the Black-Scholes
model. Suppose Assumptions 5.11 and 5.13 holds. Moreover, we assume that the price of the contract is
determined by F € C12([0, T] x R; R) where

I(z: ®) = F(z. 1)

Then, F is the classical solution to the Black-Scholes PDE
1
[BtF +rxdx F + ExzazaxxF — rF](t,x) =0, withterminal F(T,x)= ®(x)

Proof. Let us consider a self-financing portfolio V' formed by m; many risk-free asset, k; many underlying
asset S, 1 simple claim X. Note that, we cannot omit m;, otherwise there are no self-financing portfolios.
It is intuitively easy to believe that for any k;, we can find the m;, which is simply accounting the price
differences as reflected on risk-free asset. We will determine m; at the end too.

Now, we can write d V by self-financing property and 1t6’s formula:

dV;
=dF(t,S;) + k:dS; + midB; (self-financing)

1
- [8tF +aSi0xF + 50787 0xx F + krarS; + mtrBt](t, S))dt + [as,axF + US,kt](t, S)dW,

Now, we set
ki = —0xF(t,St)

which is essentially the so called delta-hedging. Then,
AV, = [a,F + %aszaxxF + mtrBt](t, Sy)di
It is important to note that at this step o dissapears from analysis. By Proposition 5.12,
3 F + %ozsfaxxF +myrB; =rVy = r(F — 0, FS; +m;B;)(t, St)
Rearrange the terms to get:
[a,F 4 rS; 0, F + %ozsfaxxF — rF](t, S,) =0

which holds dt x dP-almost surely. Since S; has full range on R, we conclude the result. It is not stated
in the theorem, but the solution is satisfies for ¢ € [0, T'), and x > 0.

Lastly, let us also explicitly determine what m; should be in order to have a self-financing portfolio.
Note that, in general, dV; = dF(t,S:) + d(k;S;) + d(m;B;). Therefore, since risk-free asset has no
martingale term, it follows

d(ktSt) + d(mtBt) = ktdSt —I—mtdBt — d(ktSt) + mtdBt + Btdmt = ktdSt + mtdBt

t k t 1
= my =mo+/ —sts—/ —d(kgSy)
0 Bs 0 Bs
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where kg S; is also a semi-martingale', hence the integration is well-defined. Let us also note that we need
to choose mg to make sure Vo > 0. Here, we are representing m; in terms of a process k; directly. If we
were to follow the proof of 5.12, we would get

t t t
me =42 +/0 BLudF(u,S,,)—BLZF(z,S,)Jr/O g—l;dSu—Blt(ktSt)—/o (F(u, Su) + kuSy)rdu

Definition 5.15. We say that contingent claim X can be replicated (or reachable, or hedgeable) if there
exists a self-financing portfolio % investing in risk-free and the underlying risky asset such that

X =T(T;X) =V} P—as.

Lemma 5.16. Suppose X is hedgeable by h. If there is no arbitrage, then I1(t, X) = Vth for all t P-almost
surely. Moreover, if an another self-financing portfolio g is hedging X too, then Vth = Vtg for all t almost
surely.

Proof. Idea is quite simple. If this does not hold, sell one and buy the other one to create an arbitrage. MW

Definition 5.17. We say that a market is complete, if every contingent claim is replicable.

Theorem 5.18 (Risk Neutral Valuation). Suppose Assumptions 5.11 and 5.13 holds. Consider the gener-
alized Black-Scholes model:

dBt = rtBtdt, dSt == OttStdl +O'tStth (59)

where vy, oy and oy > ¢ > 0 are adapted bounded processes.
(i): Generalized Black-Scholes model (5.9) is complete.
(ii): For any contingent claim X € .7-"% written on S, the price is given by

M X) = Bt]E"[(X/BT)\f,S] (5.10)

where B is taken under risk-neutral probability measure P? for which
dS; = riSidt + atStthe, where W2 is P?_Brownian motion
(iii): If we further assume the structure in Theorem 5.14, representation of F is given by
F(t,x) = e "TDE[d(X}Y)] (5.11)

where
dXs”x = rXst’xds + aXﬁ’xdWs, X,t’x =x (5.12)

Proof. (iii) is exactly the Feynman-Kac Theorem 4.5 by setting

f=0, al,x)=rx, o(t,x)=0x, and u=F

2l Continuous function of a semi-martingale is a semi-martingale, and product of two semimartingales is also a semimartingale.
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(1) and (ii) will follow by the construction of the replicating portfolio. Define

_ t 1!
9, = _Olta—"t’ Mtg 1= exp (/ Osd Wy — 5/ |93|2ds)
t 0 0

and dP? := MrdP, Wte =W - f(; Osds. Let us note that —6; is called the Sharpe ratio. By Girsanov’s
Theorem 3.10, ng is a P? Brownian motion. Notice that,

dS; = r/S,dt + S;o,d W/

and in particular, the martingale term can be replicated by the underlying market:
0 St
StUtth = dSt — B—dBt
t

Now, define V; := B;E?[X/ BT|]-",S ].?> For the moment, assume that the process S generates the same
filtration as W?. Then, by Martingale Representation Theorem 3.9, there exists unique L? stochastic process
Z s such that
t
Vi/Be =B/ Br) + [ Ziaw

0
Now, obviously if we can write V; as a self-financing portfolio, it will replicate the contract, and this will
also conclude (ii) by Lemma 5.16. To do so, we simply write the self-financing condition to notice the
appropriate portfolio:

dVy = Bid(Vy/By) — Vi/B:dB;
B:Z;

= (Vi/B))dB; + — (Scard W)
10t
Bl‘Zt St Vt Zt Bl‘Zt
= (V:/B;)dB dSt— —dB;)=(———)dB ds
(Vi/By) t+0tSt( t B, t) (Bt Gt) t+(0tSt> t
Then the portfolio has to be
o Vi _Zi i _ BiZ
t = g T =

Bt Ot ’ re UtSt
Let us verify that Vth =V;—ZsB;/oy + B:Z;/o: = V;, and hence we conclude the results.

Lastly, let us discuss the filtrations. First, just to note, it is obvious that % = F"" It is also clear that
0 . .
FS c F"". We need to write W as a function of S:

where we can define [ dS; exactly as [ d W;. [ |

Example 5.19 (Forward Contract). Let us consider the forward contract, which is characterized by ®(x) =
x — F, where F is the aggreement price of the contract to be determined. Then, (5.10) implies

F(t,x):= e_r(T_t)E[X;:x] _ Fe (T

where we know that E [X th] = xe”T=1  Moreover, we design the forward contract such that F(0, Sg) =
0, hence
F(0,80) =0=S8y— Fe'T — F = Spe’T

2Here EY denotes the expectation under the measure PY.
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Example 5.20 (European Call). Another well known example is the European call contract, for which
®(x) = (x — K)™. Note that, by (5.4), we know the explicit solution and

log(X 7" /x) ~ N(((x —10?)(T —1), Ux/ﬁ)
By Risk Neutral Valuation;
F(t,x)=e 7T /R d(xe?) f(z)dz
where f is the pdf of log(X tT’x /x). By explicit computations, one arrives at
CE(t,S:;T) = F(t,5) = S;N(d+) — Ke " TIN(d_)
where N is the cdf of standard normal distribution and
iy e log(S:/K) + (r + 102)(T —1)

oNT —t

Example 5.21 (Asian & Lookback Options). We will only introduce here to give an example of non-simple
contingent claims. Fixed strike Asian options’ terminal payoff is given by

X:(%/()TS,dt—K)+

and floating strike lookback options terminal payoff is given by

X =87— inf §;
T

0<t<

Note that in both cases X' € .7-"; but X ¢ o(S7).”

5.4 Contracts are dense & Hedging the Greeks
Let us first note that the pricing formula (5.10) is linear in the contract:

Lemma 5.22. Let X, ) are two contingent claims and a € R. Then,
(s;aX + ) = all(t; X) + I1(#; Y)

Now, our aim is to approximate any continuous terminal payoff with a constant (or buy-and-hold) port-
folio. Linear combinations of bond and the risky-asset is not sufficient to replicate much, however, together
with linear combinations of call options with all strikes is rich enough to approximate every continuous
function. Let us now introduce the associated contracts

®g(x) := x (risky-asset), ®@p(x):=1(bond), @E(x):=@x-K)", ®Kx):=&K-x)7"
with pricing
T(t; ds) = S(2), T(t:®p) =e T, M(r; 0K (x)) =: CE (1, x), T(1; 0K (x)) =: PE(1.x)

We may add (7, r, o) to the notations of contracts when necessary. Recall the Put-Call parity, which follows
from the fact:
(Synthetic Future) @& — &K = &5 — Kop

23This o represents the o-algebra, do not confuse with the volatility.
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Lemma 5.23 (Put-Call Parity). Price of the Europen call and put contracts satisfies
C;f(t, S;T)— Plg(t, S:T)y=S — KeT(T—1)

Note that, in particular, put contract can be replicated by holding one call contract, K bonds and selling
the underlying asset. Then, it is easy to argue that

Proposition 5.24. The set
n
inKi . i . .
as®Ps +apdp + )/CI)C : VneN,ag,ap,y" ,K; eR,1<i <n
i=1
is dense in the set of continuous functions with compact domain under the supremum norm.

and hence we coclude that every simple contingent claim with a compact continuous terminal can be
(approximately) replicated with a buy-and-hold strategy.

5.4.1 The Greeks

In this section, we will discuss the sensitivity of the contract to the underlying parameters, and discuss how
to find portfolios that are insensitive to them.

Definition 5.25. Let D = D(t,s, T, r,0) be any pricing function. Then, we define “the greeks”:
AD = asD, FD = 8ssD, PD ‘= B,D, ®D = 8;D, VD = BUD
We note that D might represent the price of a single contract or a whole portfolio.

Proposition 5.26. Under the Black-Scholes model, the greeks of European call price is given by
fd+)

- __Jes e
A=N(dy), T oy il K(T —t)e N(d-).
o= o rKe 7TON@_), V=sfd)VT —1

2VT —t

where f, N are pdf and cdf of standard normal distribution.

5.4.2 Hedging the Greeks

We say a portfolio is neutral if the mentioned greek is 0. For example, we say portfolio V is A-neutral if
Ay = 0. Recall the proof of Black-Scholes Theorem 5.14, where we replicated the contract by matching
the amount of the underlying asset exactly to the A of the contract. In the perspective of a market maker,
they can sell any contract and in theory replicate it by the underlying asset. However, as we cannot adjust
portfolios continuously without any frictions, it is important to be able to create portfolios that are insensitive
to some parameters.

We will briefly discuss how we can create portfolios that are A and I"-neutral. Before that, let us mention
two more greeks

Vannap := ds(Ap), Charmp := d;(Ap)

which is important for market makers. As we discussed why A is important, how A is changing is also
important.
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Figure 3: The greeks of a European Call option depending on S where K = 100, T = 1,7 = 3%, 0 = 10%.

Suppose we are given two contracts D and D’, for example two call options with different strike or
maturities. Let (A1, h2, 1) be an absolute portfolio investing in (risky-asset, D, D’). Note that the price of
this portfolio is

VP =hiS 4+ hyD + D'
Here V" is treating the parameters as given variables, but not like S; as usualy. For example, d; vh s
independent of the change in the current price. Then,

Ayh =h1 +hAp + Apr, FVh = hoI'p + I'pr

Set them equal to O to get
FD/ FD/

- ) hl =

I'p I'p
That is, if you want to hold D’ in your portfolio but does not want to be sensitive to the change in underlying
assets price up to second order, you need to add (&1, ;) many (asset, D) in your portfolio.

hy =

Ap — Apr

5.5 Multiple asset case

Now, we will carry out a similar analysis when there are N assets and dynamics are given by the SDE (5.7).
Remark 5.27.
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(i): The definitions 5.9, 5.15, 5.17, and assumptions 5.11, 5.13 are independent of the number of assets.
Moreover, as we consider a scalar value process with a single risk-free asset, proposition 5.12 and lemma
5.16 are also independent of number of assets.

(ii): In section 3, not only Itd formula has multidimensional version, but Martingale representation the-
orem and Girsanov’s theorem also extends to d -dimensional Brownian motion in a straightforward manner.
Moreover, the discussion in section 4 carried out in one dimensions, but by using the multidimensional 1t6
formula, we can get the multidimensional Feynman-Kac formula.

We will observe that the only notable difference between the scalar case is due to the volatility. In the
one-dimensional case, it was enough to assume the volatility is non-zero to define the Sharpe ratio. Here,
we assume that there exists an adapted stochastic process 6 such that

0,9; = —(Olt — 7';1) (513)

holds almost surely, where 1 is the N -dimensional vector with all the entries equal to 1. In other words,
—(ay — r¢1) € Im(oy) almost surely. Let

t 1 t t
MY = exp(/ 05 - d Wy — 5/ |Hs|2ds>, dP? = MlaP, wf.=w, —/ Oyds
0 0 0

By the Girsanov’s theorem, W is a standard Brownian motion under P?. Then, the dynamics of the price
processes are given by

dS; = Sy oadt + S; 0 5 (AW, + 0,dt) = r,Sydt + Sy 0 07 d WY

That is, discounted price processes are martingale under P?. We call such 0 admissible, if it satisfies the
conditions of Girsanov’s theorem. That is, ||#]l2 < oo and M is a martingale. Furthermore, A := —6 is
called the market prices of risk. Note that the right hand side of (5.13) is the excess return of assets over the
risk-free rate, and in particular fori € {1,..., N},

d
i _ L,JJ
o — 1 = E o7 Ay
—

Here, important point is that the same A determines the excess return of the asset, independent of ;.
Altough we introduced the multi asset case with N many assets and d many Brownian motions, we
will assume N = d and then o becomes a square matrix. Then, we will require o to be nonsingular, or
IM(0;) = R¥ . In the next section, we will discuss the underlying reasons for such choice.
For notational purposes, recall the discussion around the Hadamard product (5.8). We again remark that,
up to multidimensional notations and above discussion, Theorem 5.14 & 5.18 are exactly the same.

Theorem 5.28 (Black-Scholes Equation). Consider a simple claim X = ®(St) under the Black-Scholes
model.’* Suppose Assumptions 5.11 and 5.13 holds. Moreover, we assume that the price of the contract is
determined by F € C12([0, T] x RN R) where

I(t; ®) = F(t, S;)

Then, F is the classical solution to the Black-Scholes PDE
1
|:8tF +rx "V F + Etr ((x odg)(xo U)TV)%XF) — rF:| (t,x) =0 withterminal F(T,x) = ®(x)

where Vy F = [0x, F,...,0xy F]" and similarly V2, F is the Hessian of F.

241n the multidimensional case, the Black-Scholes model still refers to the case where (7, &, o) are constants.
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Proof. Let us consider a self-financing portfolio V' formed by k; many (stochastic process) underlying assets
S and 1 simple claim X. Recall that, we need to keep track of accounting for the risk-free asset to ensure
the porfolio is self-financing, however, we won’t keep track in the multivariate case.

Now, we can write d V' by self-financing property and 1t6’s formula:

dV =dF(t,St) + k:dS; (self-financing)
_ [B,F +VFT(Siow) + it ((S, 0 0)(S; o a)TaxxF) k] (S o a)](z, Sy)dt

n [VXFT(S, 00) + k] (S; o a)](t, S,)dW,

Now, we set
kt = —VxF

which is essentially the so called delta-hedging. Then,
AV = [B,F + Lo ((S, 0 0)(S; o a)TaxxF)](z, S,)dt
It is important to note that at this step oy dissapears from analysis. By Proposition 5.12,
0 F + Lur ((St 0 0)(S; o o)TaxxF) — 1V(1,S:) = r(F — Vi FTS)(1, St)
Rearrange the terms to get:
[a,F +rVF TS+ Ju ((S100)(S; 0 0) T F) = rF](t, S) =0

which holds dt x dIP-almost surely. Since S; has full range, we conclude the result. |

Theorem 5.29 (Risk Neutral Valuation). Suppose Assumptions 5.11 and 5.13 holds. Consider the gener-
alized Black-Scholes model.:

dBt :rtBtdZ, dSt =Stoatdt+Stoatth (514)

RNXN

where 1,y and o; are any adapted processes, and o € is nonsingular dt x dP-almost surely.

(i): Generalized Black-Scholes model (5.14) is complete.
(ii): For any contingent claim X € .7-"; written on S, the price is given by

(s X) = B,]Eg[(X/BT)]]-“f] (5.15)
where E? is taken under risk-neutral probability measure P? for which

dS; =rSidt + S; oo, dWP,  where W? is PO -Brownian motion
(iii): If we further assume the structure in Theorem 5.28, representation of F is given by

F(t,x):= e TTDE[D(XEY)] (5.16)

where
dX;f,x — rX;’de + X;’x oadWs, X;’x =X (5.17)
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Proof. (iii) is exactly the Feynman-Kac Theorem 4.5 (after generalizing to multidimensions) by setting
f=0, «a,x)=rx, o(,x)=xo00, and u=F

(i) and (ii) will follow by the construction of the replicating portfolio. As we already discussed, relying
on nonsingular assumption, define

t 1 t
0, :—at_l(a,—rtl), Mte = exp(/ 9s-dWs—§/ |9s|2ds)
0 0

and dPY .= MrdP, W,9 =W — fot Osds. By Girsanov’s Theorem 3.10, Wte is a P Brownian motion.
Recall,
dSt = l"tStdt + St @) O'tthe

Now, define V; := B,E°[x/ Br|FS5].?° For the moment, assume that the process S generates the same
filtration as W?. Then, by Martingale Representation Theorem 3.9, there exists unique L2 stochastic process
Z; € RN guch that

t
V./B, = E°[X/Br] + / Z,dW?
0

Now, obviously if we can write V; as a self-financing portfolio, it will replicate the contract, and this will
also conclude (ii) by Lemma 5.16. To do so, let us recall the notation S;! = [1/S},...,1/SN] to carry
out the computation, and we simply write the self-financing condition to notice the appropriate portfolio:

dV: = (Vi/By)dB; + B: Z((0; ' 0 S;1)(S; 0 0)d W)

o S v, _ o
= (Vi/B:)dB; + B Zi(07 ) o S; 1)(dS, - B—’dB,) — (B—’ — Zi0, 11)d3, + B Zi(o7 0 871 dS,
t t

Then the portfolio has to be
Vi
ho = (B—’ ~Zwo7 ") eR, ()= BiZi(o; oS eRY
t

Let us verify that
V! =[Vi/B: — Z:0;7"1)By + [B: Zi (0, 0 S; 1S,
= Vt — BtZtO'l_ll + BtZtO't_ll = Vt

and hence we conclude the results.
. . . .. . o . .
Lastly, let us discuss the filtrations. First, just to note, it is obvious that W — FW" Ttis also clear that

FS c ]FWG. We need to write W9 as a function of S:
(07 087 YdS; — o7 1dt = dWf

where we can define [ dS; exactly as [ d W;. [ |

25Here EY denotes the expectation under the measure PY.
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5.6 Fundamental Theorems of Asset Pricing

In this section, we will closely follow the discussion given in [5]. Our main interest is to understand the
fundamental theorems characterizing the completeness and arbitrage opportunities in the market.

But first, let us briefly mention a common rule of thumb for market completeness and arbitrage op-
portunities in our model with multiple assets, sometimes referred to as a Meta Theorem. Recall that we
assume N = d, that is, the number of assets equals the number of independent sources of noise. Under the
assumptions we have discussed, this is a typical case where the market is both complete and arbitrage-free.

If there are more assets than sources of noise (N > d), the market may still remain complete, meaning
that all contingent claims can be hedged.”® However, there is a higher risk of encountering arbitrage oppor-
tunities. For example, in the extreme case where d = 1 and N is very large, either all assets share a single
Sharpe ratio, or arbitrage opportunities exist. To see this in our proofs, recall the construction of P? by the
Girsanov’s theorem. If d = 1, then (5.13) must be satisfied with a scalar 9.

On the other hand, if there are more sources of noise than assets (N < d), the market becomes incom-
plete, as it becomes difficult to hedge all possible contingent claims. However, it also becomes less likely
to find arbitrage opportunities, since many sources of noise cannot be fully hedged. For example, in the ex-
treme case where there is only a single asset driven by multiple Brownian motions, arbitrage opportunities
are absent, but there may still be contingent claims that cannot be perfectly hedged by trading the single
asset. In the proof of Risk Neutral Valuation, one will notice that FS < FW is strict and thus we cannot
invoke Martingale Representation Theorem.

Now, recall that while introducing the portfolio dynamics, we had S = (S 0st ...S N ) where S 0
represents the risk-free asset. We assume that S® > 0 almost surely, and change our perspective to so called
normalized economy:

Definition 5.30. The normalized economy (also referred as Z-economy) is defined by the price process Z
given by
— Sl _ (1 Stl St]v )

Zi=—o = (1,25 ..
TSy st Sy

Recall that, given a portfolio h; = (h9, h}, el hﬁv ), we defined the value Vth = h;—S ¢. To distinguish
it from the normalized economy, we will call this value as S-value of 4, and might denote it as VS if &
is clear and we need to distinguish it from the normalized economy. Then, we call V,Z := h, Z, as the
Z-value of h, and say that & is Z-self-financing portfolio if d VtZ = h;dZ;. We then have an equivalence
between these two economies:

Lemma 5.31 (Invariance Lemma).
(i) h is a self-financing portfolio if and only if it is a self-financing portfolio in the normalized economy.
(ii) For any portfolio h, S? VtZ = VtS.
(iii) A contingent claim is X is replicable if and only if X/ S% is replicable in the normalized economy.

Proof. (ii) and (iii) are obvious. To argue (i), first note that, since the risk-free asset has a finite total
variation,
dS; =d(S2Z,) =d(S)Z, + S%dz,

267 there are arbitrage opportunities in the market, it is not that meaningful to discuss completeness.
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Then, assuming that d VtS = h.dS;,
dvZ =d(sP)~'vS)
=d(SH™HVS + (s~ tavS
= —(SP)2d(SP)V® + (SP) " hedS,
= (S SHVE + (SO hd (S0 Z, + (SO h,S%dZ,
= —(S)HESHVE + (SOHTHSHVE + (SO h, S%dZ, = hdZ,

and hence we conclude d VIZ = hy;dZ,;. Similarly, if we start by assuming % is self-financing in the
normalized economy, then

dVS =d(S’v?) = d(SYVZ + 8%dVZE = d(SHVZ + SPhdZ, = d(SOVZ + hy(dS; —d(S0)Z,)
which then concludes the result by noting 7, Z; = VtZ . |

Relying on this invariance, from now on, we will always assume S ,0 = 1. So far, we have not really
restricted our set of portfolios, but only assumed regularities and adaptedness, which only means it depends
on the current information and not the future.”’ However, this class is far too large and not realistic. For
example, we can consider a strategy similar to the classic doubling down by borrowing more and more
money, betting higher and higher on a risky asset if we loose. Such strategies are guaranteed to win (with

probability 1), but expected time to win and hence the amount needed to be borrowed is not finite. To avoid
such portfolios, we have the following definition;

Definition 5.32. We say a portfolio / is admissible, if
t
/ hsdS; > —C" > —oc0
0

almost surely for some constant C” that depends on /.

Note that, when 4 is self-financing, admissibility means Vth — Voh > —Ch. That s, your potential loses
are not infinite. To get familiar with the terms, let us also make the following definition

Definition 5.33. We say Q is an equivalent (local) martingale measure (martingale measure, EMM) if
(i) Q ~ P, thatis, Q is equivalent to IP, and
(i1) the price process S is a (local) martingale under Q.

In our case, we already constructed the EMM by Girsanov’s theorem. Note that, in the normalized
economy,

dZ; = d((S%)7'S,) [dzt — 7,0 a,dwﬂ]
= —(SH)72d(S)S; + (SH)7lds;
= —(SH71(SNHZ + (SO Sidt + Sy 0 o, d W)
= —rZydt + 1. Zydt + Z; 0 5,d W/
That is, Z is a martingale. Also, recall that P?(4) := E[Mr1;4,]. Hence, P(4) = 0 <= P?(A) = 0.

This concludes P? is an EMM for the normalized economy.
We are ready to start collecting the main results:

2TWhen we integrate portfolio i with respect to semimartingale price processes, we require / to be predictable. Again, we avoid
such discussions in this course.
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Lemma 5.34. Consider the N -asset market defined in section 5.2. Due to the existence of an equivalent
martingale measure, there cannot be any arbitrage portfolio.

Proof. To contradict, suppose there exists an arbitrage portfolio 4. That is,
V=0, PWVEz=0=1  PVE>0)>0

By definition of arbitrage, /& has to be an self-financing portfolio. Moreover, by the invariance lemma, we
may assume price processes are already discounted. Then, it follows

AVl =h,-dS, = h](S; 00)d W

We assumed the portfolio value Vth = h, S, isin L2, and since o is bounded, Vth is a martingale. We are
done, because i i
0<EF (v =EF" [V =0

which is a contradiction. |

For our purposes, since we already have the existence of EMM in our framework, Lemma 5.34 is the
First Fundamental Theorem of Asset Pricing. Under appropriate generalization of arbitrage, these conditions
are equivalent in a considerably more general setting:

Theorem 5.35 (First Fundamental Theorem of Asset Pricing). Let the price process S be a locally
bounded real valued semi-martingale. Then, there exists an equivalent martingale measure if and only if
(NFLVR) condition holds.

Now, we will explore the definitions in this theorem. First, in the context of stochastic processes, “local”
means that the corresponding property holds only up to some random time t”, but for which t” 1 T as
n — oo. Therefore, locally bounded means S; 1= S¢n s are bounded, and it is quite general. For example,
all continuous adapted processes are locally bounded, with t” := inf{t > 0 : |S¢| > n}. Processes that
exhibits jumps are also locally bounded, as long as jump sizes are bounded. Thus, locally bounded price
process is quite a general assumption.

Next, semi-martingale means that S is of the form

St = A + M;

where M is a local martingale, and A is a cadlag”® adapted process with locally bounded variation. This
class is also quite general, and it is important to note that this is the largest class where Itd integrals are
defined. Due to this generality, even if the market is not well-described by our framework in section 5.2,
equivalence between existence of a martingale measure and no arbitrage condition still holds true in the
markets.

To explain the more general arbitrage condition that the theorem requires, we first introduce some spaces
of functions. First,

T
K:= { [ h.dS; : for all admissible ht}
0
is the space of contingent claims reachable by portfolios with O initial value. Next,

C = {g € L"c’(]-'%')29 . there exists f € Ls.t. g < f}

28C4dlag process means left limits exists and right continuous, almost surely.
29L""(]—'T‘S:) is the space of almost surely bounded functions, measurable to .7-'7‘5 =0(St:0=<t<T).
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is the set of bounded contingent claims dominated by reachable portfolios with O initial value. The reason
to consider C is to generalize our market and include contingent claims (or contracts) into consideration.
A contingent might not be exactly achievable by a replicating portfolio (only with underlying assets), but
might be dominated by one. Then, a more general no-arbitrage condition including any bounded contingent
claim is given by

CN LY (FP) = {0}

That is, there is no bounded contingent claim with only positive payoff, dominated by a reachable portfolio
with no initial investment. Then, we have a slight generalization as follows:

Definition 5.36. We say that the market has no free lunch with vanishing risk (NFLVR) if
CNL=>H(FP) = {0}
where C is the closure C in LOO(J-?).30

To understand the condition, suppose it does not hold. Then there is a non-zero contingent claim with
positive values. Then, for any nearby contingent claim in L°°(]-";), we can find a portfolio in U dominating
this contingent claim. It does not require that these portfolios are positive, however, as their limit dominates
a positive contingent claim, ’risk is vanishing’. And since the contingent claim is not exactly 0, limit of the
portfolios becomes an arbitrage.

We are not interested in the technical details of the proof, but the overall scheme goes as follows: If there
exists an equivalent martingale measure, and hence the price processes are martingales under this measure,
as long as the portfolios generated are also martingales we are done as in lemma 5.34. In general settings,
this might not be the case and one might need to argue supermartingale property by relying on admissibility
of portfolios. Now, the difficult part is to start by assuming NFLVR condition. One needs to study convex
analysis, and when convex sets can be seperated by hyperplanes. Hahn-Banach is the central one, but here
one needs a more technical result by Kreps-Yan. By noting that C and L°" are convex sets with only
common function 0, there exists an integrable, strictly positive function & such that

E[£X] <0 VX €C, and E[X] >0 VX € LT

Here, £ seperates these two convex sets of functions. Given that one can rigorously show this, the rest of the
proof is easier to handle. Define dQ := £dP, and note that this is a measure by 1.12. Since £ is integrable,
after a scaling, it is a probability measure. This is our candidate equivalent martingale measure. Equivalency
follows by strict positivity of £. Now, take any s < ¢, A € ]-"SS , and define the self-financing portfolio

h(r, ) = 1,13 (N1 ay(@)(=S{(@),0,...,0,1,0,....,0)

where 1 appears at the ith place. In words, we buy 1 asset S’ at time s if A occurs, and finance it by
borrowing money (at zero interest by invariance lemma), and close those positions back at time 7. Now,
ignoring the admissibility of the portfolio /4, j:V,h € K. Also, note that as E[§X] < 0 for all X € C, we
have E[£X] < Oforall X € K. Since :I:Vth € K ("linear subspace”), this implies E[£ Vth] = 0. Writing this
explicitly,

T T
]E[gfo h,dS,} = ]EQ[[O htdSt:| =E2[(S] - S)Lal = 0

Since A € Fj is arbitrary, this is an equivalent way of defining martingale, and we conclude the price
processes are martingales.
We now move to discuss the characterization of completeness (see definition 5.17) of the market.

30Closure of C is taken under the topology generated by the operator norm, where L% functions acts on L! functions.
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Theorem 5.37 (Second Fundamental Theorem of Asset Pricing). Suppose there exists an equivalent
local martingale measure Q. Then, the market is complete if and only if Q is the unique local martingale
measure.

Suppose the market is complete. Then for any X € F3, there exists a self-financing portfolio # with
fo = X. By assuming sufficient regularities (to avoid discussions around ’local’), since V,h — Voh =
/. (; hsd Sy is a stochastic integral with respect to a martingale, Vth is also a martingale. Therefore,

Vi =EC [V = EQ[X]

Suppose there exists an another equivalent martingale measure Q. Consider any set E € Fr and set
X = 1¢gy. By above, and since the market is complete,

0(E) = E2[x] = V} = E2[X] = O(E)

That is, Q is unique.
Now, suppose Q is unique and take a contingent claim X’ € .7-"7‘5 . Then, by a generalization of Martingale
Representation Theorem that holds for any (local) martingale, there exists Z such that
T
X =E2[x] + [ Z:dS;
0

and we are done as Z provides the replicating portfolio. Here, uniqueness is used to invoke the representa-
tion theorem.
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6 A Tour in Stochastic Optimal Controls

In countless settings, whenever there exists an agent aiming to decide on various actions, it is crucial to
understand how to behave optimally. In this section, we will explore situations where the underlying dy-
namics are characterized by SDEs. We will apply these concepts to Merton’s problem, where a financial
advisor aims to decide how much risk to take for a retiring customer. It is important to note that there is
ongoing cutting-edge research in this field, where both the dynamics and objectives are evolving, such as in
reinforcement learning.

Let us first introduce the dynamics given by the SDE X**7 = X7:

dX[ = pu@t, X[, 7n(t, X")dt +o(t, X[, 7n(t, X™))dW; (6.1)

The core addition is that there exists a space called action space, denote it as A, where the agent has choices
to make. We take 7 : [0, T] x C([0, T];R¢) — A as the admissible control of the agent whenever (6.1)
is well-posed, and denote A as the set of all such controls. For example, the agent might be constructing
a portfolio and amounts of financial assets are the choices of the agent. Note that, we let the controls to
depend on the whole process X, which should also satisfy adaptedness in the sense that 7 (¢, x) can only
depend on x[g 4]

To find what is the optimal control, one needs to set the preferences. What we know is that, given 7, we
have a flow of distributions {['X;T}Ost <7 for the evolution of the dynamics. Then, the agent should decide
on which states are prefered, in order to determine which 7 is the best. To do so, the agent assigns two
functions F : [0,7] xR x A — R and G : R? — R as running cost and terminal cost, which orders
the states. Moreover, running cost incorporates the potential costs of taken actions. For a different example,
imagine that you are controlling a robot and trying to direct it to a particular position. In this case, it might
be costly to accelerate and agent might aim to minimize energy consumption by penalizing it through the
running cost. Now, we assign the cost of the control 7 as

T
J(@t,x,m) = ]E[G(X’T’) +/ F(s,XS”,n(s,X”))ds], where X7 = X557
t

Note that, minimizing or maximizing is essentially the same problem up to a scalar constant, and we will
continue with maximization problem. Thus, the value®' of the problem is

V(t,x) = sup J(¢,x, 1) (6.2)
TEA

An important property of V is that it is time-consistent. It is typically called Dynamic Programming Prin-
ciple (DPP), but the origin of the name is not due to mathematical concern. Let us state it first and then
discuss:

Theorem 6.1 (Time Consistency). Foranyt < Ty < T, it holds
To
V(t,x) = supIE[V(To, X7,) + / F(s, X[, n(s, X”))ds]
P t

where X = X157,

Note that the left hand side V (¢, x) is the original problem starting from ¢ ending at 7. On the right, we
have the same optimization problem again starting from ¢, but ends at a middle time 7Ty with the terminal

31 This is typically called the value, as there is no conceptual difference between minimizing and maximizing; we use whichever
term is more suitable.
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cost taken as V(Tp, -). This is the crucial property that will allow us to obtain the PDE approach. Note that,
one can solve the optimization problem [T' —§, T'] first, and then use the value at 7 — § as a terminal to solve
[T —28, T — 4] and so on.

Before the proof, let us mention the core idea of it. Easier direction says the optimal control for [z, T
problem is also optimal for appropriately defined [¢, Ty] and [Tp, T] problem. Direction that is harder to
obtain is if we have optimal controls for [z, Ty] and [Ty, T], we can obtain an optimal control for [¢, T
problem.

Proof. We will sketch the main ideas only. First, we observe that

. To. X7, .m0 T
J(To, X7,,70) = ]E[G(XT ) +/T F(---)ds]
’ 6.3)

T
=IE[G(X¥)+/ F(s,x;f,n(s,xﬂ))dsm;{)]
To
To see this, we remark that
To-X70m _ ytxm _,
Xp 0 =Xp0" = XF

and the first expectation in (6.3) is not taken over X f(T),To]’ which is given as it appears in J(Tp, X 7T’0, ). To
point out a subtle point, from generalization of Doob-Dynkin, we know that the right-hand side of (6.3) is
a function of X[o 7,]. Similarly, we need to be careful about the left-hand side and note that the control &
depends on the path. Thus, given a realization of X[o 7,,], 7 on the left-hand side fixes this path as given,
and defined as a control on [Ty, T], which is not clear from our notations.

Given this, one direction of the proof is much simpler. Note that, due to the tower-property of conditional
expectations and (6.3),

To
J(t,x, ) =1E[J(T0,X’Tf0,n)+/ F(s,Xs”,Jr(s,X”))ds]
t

To
5]E[V(T0,X7’EO)+/ F(s,Xs”,n(s,X”))dS]
t

Take the supremum over all 7 to obtain one side of the result.
It requires a lot more technical details to complete the other direction. Instead, we will assume that there
exists an optimal control * for the optimization problem in [Ty, T'], starting from any x. That is,

V(To,x) = J(To, x, %) 6.4)
Then, given any control 7, we introduce
f[(t’ x) = 7T(t, x)l{t<T0} + T[XTO (t’ x)l{tZTO}’

Recall that x € C ([0, T']; R?) when it appears in 7, and this construction of 7 is necessarily path dependent.
Without any technical considerations, we assume that 7 (¢, x) is admissible. It is not quite clear that we can
form this, as there is no apriori regularity of which optimal control we are chosing for each x7,.*> Now, by
definition of the value V and (6.4),

Vitx) = S 7) = E[J(To XFyn o) + [ P X n(s X
t

To
=IE[V(T0,X7’?0)+/ F(s,Xf,n(s,Xs))dS]
t

32See measurable selection as a keyword, or one can construct 7 with discretization of space if there are sufficient regularities.
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Notice that, we are again seperating J (¢, x, ) into [t, Tp] and [T, T'] where in the first region we are using
T
arbitrary 7 and in the second region we are using the optimal control wxTo. |

Now, given this time-consistency, we will derive a PDE for the value function V(z,x). It is called
Hamilton-Jacobi-Bellman (HJB) equation, and is given as follows:

9:V + sup [udxV + 2020xxV + F](t,x.a) = 0, V(T, x) = G(x) (6.5)
acA

Let us briefly discuss what is going on. First of all, terminal value has to be the terminal cost G by definition.
Next, the equation consists of two parts: the first from the [td formula, representing the change in value with
respect to the state process, and the second, the running (immediate) cost F. It is in a sense obvious, but
important fact that we are not finding the optimal action that only maximing the running (or immediate)
cost F. Instead, we should consider how our actions would change our value V' due to the change of the
underlying dynamics, and choose the supremum accordingly.

We do care about the value function because if we can solve it by any method and obtain V' (¢, x), we can
reduce our optimization problem to a static one and construct optimal 7z *. This is the important message of
this section. For this purpose, we rewrite the HIB equation and separate the optimization part. Introduce the
Hamiltonian H as follows:

1
ht,x,z,y,a) := u(t,x,a)z + Eoz(t,x,a)y + F(t,x,a), H(t,x,z,y) = sup h(t,x,z,y7) (6.6)
acA

which isolates the optimization independent of 9V, dxx V, but for any given z, y instead. Then, the HIB
equation reads
0 V(t,x)+H(t, x,0xV(t, x),0xxV(t,x)) =0

Theorem 6.2. Let V be defined as in (6.2). Then,
(i) If V e CY2, then V satisfies the HIB equation (6.5).
(ii) If U € C12 solves the HIB equation, then U = V.

(Verification) Suppose U € CV2 solves the HIB equation, and there exists a Borel measurable function I such that
ht,x,z,y, 1(t,x,z,y)) = H(t,x,z,y)

and the following SDE has a strong solution:

t

t
X/ zxo—}—/ u(s,Xs*,I(s,Xs*,axU(s,X:),BxxU(s,Xs*)))ds—I—/ o(---)dWs
0 0

Then, w*(t,x) := I(t,x, 05V, 0xx V) is an optimal control for V(0, x¢).

Proof. We will only sketch the proof, and omit (ii) but show it under the assumption (iii).
Now, suppose V € C 12, Note that, DPP or time-consistency is

t+8
O:ianE|:V(t+8,X” )—V(t,x)—i—/ F(s,Xs”,n(s,X”))ds]
4 t

t+6

T

t+68
= ianE|:/ [0:V + 105V + 20205xV + F] (s. Xs”,ﬂ)dsi|
t
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where the last line follows from It6’s formula, and the martingale term is ignored under the expectation.Then,
divide above by §, send § — 0 and replace sup,, with sup,,.
Next, assume (iii) holds. Then, by Itd formula, for any r,

T T
U(T, X7) — U0, xo) = / [0:U + pdxU + |o?0xx U] ds + / o, UdW,
0 0

Note that the terminal is given U(T, X7) = G(X7). Then, add the running cost on both sides, use that U
solves the HJB equation and take the expectation to get:

T

U(0, x9) — J(0, x¢, ) = —IE|:/ [8;U + woxU + %|o|28xxU + F] ds:| >0
0

That is, U(0, xo) > V(0, xo). Now, if we plug in 7*, inequality becomes equality. Then,
U(O, X()) > V(O, X()) > J(O, X0, JT*) = U(O, X())

Notice that, we have shown V is the unique solution under the assumption that there exists an optimal
control. Moreover, 7 * is clearly an optimal control: V' (0, xo) = J(0, xo, 7*), which is state dependent. W

Let us reiterate the important fact that finding the optimal control is a matter of solving the static optimization
problem in (6.6) for any (¢, x, z, ¥). Then, if we know the value function V', optimal control is simply given
by 7* as in the verification part.

6.1 Merton’s Portfolio Problem

The Merton Problem addresses the allocation of a portfolio between a risky asset, such as the S&P 500, and a
riskless asset, like money market funds. We will now investigate this problem under standard Black-Scholes
model with a CRRA utility function, which enables the explicit computation of the optimal allocation. This
subsection closely follows the lecture notes of Lacker [7].

Suppose our control 7 determines the relative propotion of our portfolio in the risky asset, and hence
1 — 7 is in risk-free asset. That is, dynamics of our state process X representing the wealth of the portfolio
is given by

1 —m)XT
%de = [OHT;XZT + r(l _nl)th] dr + [OT[;X?]th

X7T
T2 s, +

dXT =
St B;

Suppose we do not have a running cost /' = 0, but the terminal cost is given by

1-n

G(x) := il

, n>0,n#1
l1—n

Note that d,G(x) = x~", reflecting that as the wealth increases, change in utility decrease. Here, n > 1
represents risk-averse and n < 1 represents risk-seeking preferences, see Figure 4.

Let us write down the Hamiltonian (6.6):
H(t,x,z,y) = sup [(a ax+r(l—a)x)z+ %|0 a x|2y] = sup [r xz4ala—r)xz + %(szzy) a2]
acA acA

We set A = R, allowing short selling and borrowing. Obviously if y > 0, Hamiltonian becomes infinity.
Hence, we assume y < 0. Then, it is just a quadratic equation over a that we are trying to maximize. We

can easily deduce
_ 2,2
H(t,x,z,y) =rxz — u

202y
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Figure 4: CRRA utility for different risk preferences.

where the maximizer is
(¢ —r)z
I(t,x,z,y) = ——
o*Xy

Let us write down the (6.5):

_ 2
o r)z (0x V) —0 ©6.7)

1
0V (1,x) + rxds V(t.x) - 5 ( T
XX

o

To solve it, we make an ansatz as V (¢, x) = f(¢)G(x). Then,
Ve, x) = f(OGx), IV, x)=fOx7", duxV(t,x) =—nf(O)x""

and plugging into (6.7) yields

A0+ (Y 0] =0

o
The terminal condition for f is f(7T) = 1. The solution is then

1- —r\2
f(1) = eCT=1  where C = r(1—n) + I—n (oz r)
2n o

Thus, we conclude
V(t,x) = e€TDG(x)

solves the HIB equation. Observe that dx, V' < 0, hence our y < 0 assumption is satisfied.

Given the value function, together with the maximizer of the Hamiltonian 6.1, optimal control is given
by the verification theorem:
(Ol —r ) = g*

*
t,x) =
T ==

We conclude that optimal allocation is constant, which requires continuous (or roughly) adjustments to the
portfolio. An another way of looking at it is, given your current allocation and estimates for («, r, 0), you
can find your own risk aversian parameter. This might keep you aligned within some reasonable range.
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7 Appendix

Theorem 7.1 (Banach Fixed Point). Let (S, d) be a complete metric space and T : S — S be a contraction
mapping with constant 0 < A < 1, i.e.

d(T(x),T(y)) = Ad(x,y)
Then there exists a unique fixed point x* of T, Le.
T(x*)=x*
Proof. Choose arbitrary xg € S. Define the sequence x;, := T (x,—1) for all n > 1. Observe that
d(xp41,xn) = d(T (xp), T(xn-1)) = Ad(xp, xp—1) < A"d(x1, x0)

We now show that x;, is a Cauchy sequence, and then since S is complete, by definition it converges to some
x*. By triangle inequality,

1 _ /\m—n

m m
d(xm.xn) < Y dxg.xp—y) <d(x1.x0) Y AF =d(x1.x0)\" —

which tends to 0 as n — 0, hence x, is a Cauchy sequence. Next, we claim the limit x* is the fixed point.

d(T(x*),x*) < d(T(x"), xn) + d(xn, x™)
=d(T(x*), T(xn-1)) + d(xn.x™)
<Ad(x*, xp—1) +d(xp,x*) =0

Lastly, suppose there exists another fixed point x. Then,
d(x*,x) = d(T(x"), T(x)) < Ad(x",x)

which is a contradiction if d(x*, x) > 0. [ |
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